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NON-TEGEFIRATE SMOOTH FUNCTTONS ON & MANIFOID.

51, Intraduetten,

In thia acetion we will ili‘J.s_‘l‘..‘:f‘_ﬂtE! by a specil'ic exeple the situ-
Btdon Lt we will frvessigate Isssp fop arbitrary mardfalds, let us con=

sider a bomus M tangent To the plane ¥, as indfcated In Diagran 1,

5

et T =R (R alvays Ssnotea the pegl numbarz) be the helght
shova the ¥ plans, snd lot MY b5 tho sét of &1l polhta x & B Suoh Lhas
iz £ ., Than the following thlings are timgs:

(1) If & <0 - i), then M* 1s vaciious.

G2y 11 miwlcg &< Erg), then MY te homsatorphic toa 2-aell;

{97 18 f9) < me fip), then M Ls homscmodphIs ton eylindsr:

(b} == Tied £ &g s, then \Ia Is himeomorphie te & compact
mendfoll of gefus one having a givels es Hounlarmrs




2 To  HON-DEGENERATE FIRMETTING

fsy I fls) €A, then Y is the fall torus,
In prder to describe the changs in MY ss A passes bhrodgh amg
of the pointa Mgk ok, viek, ria) it )8 convenlent 4o eonalder hemotopy
type rathep than hpneoporphC=n type. o termzs of homotopy hypes:
17 = {7y 1a the cperatian of dttachine & 0-g2ll, Fop ag fAr sl

hemctopy type-is cancerned;, the space F‘f“, fipd 2 | Plo), cmnnot be dig-

Here a7 wmieang "ia off the gmme hoaiotopy type sl

tingulahed ram & 2-call:

() = (41 im the cperation of attaching & 1-oell:

(30 —= (W)  is-apein the operstion of attaching o 1-well:

(4] = {8) g tho uperatiog of gtbeching:s =-oeil:
The prectas definitlicn of "sttaching a k-cell" can be given as

Foliows, Let ¥ he aoy topelopleal space, spl 15t

=% = txeR I =l

e the k-cell coepaluting of all veectors In Luelfdean k-apsce wlth length <1,

This bouridary

wlll be d=nobed 1

(¥ wltha k-cel
sal-gam (= digdo
xe 3% uimn 1
point and lat &
Just bhe unien o
: Az obe
Losy types of bt
They are the el
syatem  (®,¥) n
both Zera. At

that - oonsia
JE.E = :.ru. Hote @
each wolnt fpg th
!’-'I-“H'J whitpe  wed

Facta Mor-oany di

Peoe T
axtremely usetul
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F. Baot
fubs
R. Bt

T




1. INTRCDUOTION

L

The boundsry

6% « txeR®: Ix] - 1)

will B dencted by ﬁLH; IT ErE‘"' ~%¥ Laa continooss map then
¥ i ek

(¥ with & k-vell sttashed by g) io obtalned by fivst taking the ftopolopl-
cal sum (= diaJaint anfen) of ¥ and e¥, and then {dentifying each
xe 85 uren gix] ¢ ¥. To taks care of the case k - 0 lat 2 hea
point and let 0¥ - 370 e wacuous, =0 that ¥ with & f-cell sttsched 1a
Just the anion of Y end s disfolnt point,

As one might expest, the peinta p,a,r an? @ at whibh the homo-
topy bype of u’i shanges, have 4 simple characturization in terms of f
They are the critleal polnts’of the fanetion. Tf we ohooss ANy coordinate
system (x,y) near these pelnta, then the desivatives % uryl g{: aps
both-zero. At p we sdn chooss (x,y) so that - x 4y, st 3 %0
that = conatant ="

B

- ya,_ Note Lhat the nmtber of minns afprs in the sxpressiocn fap £ st

o o
-y, End mt g ang e o080 Ehak £ = conatant +

sach polat 1o the dimension of the cell we muat attach to go frem ¥ 6o
W, wbere & ¢ fipolat) < b Our Pivat thécrems Wil generalise thsse
fapts Tor any diffsrentisble funetion on s manifold.

REFFRENCES
For: fuether information on Morae Thecey, the Pollewing scurcen wre
Eextremsly usefil. |
M. Morse,  "The calenlus of varfatfions in the large," Amertsan
Mathemationl Soclety, New York, 193k,
H. Ssifert aml W. Thralfsll, "Varistionspechnung im GI.‘QESEEL-,."
published in the Uinited States by Chelses, Now York, 1951,
A- Bott, The stable hamobtopy of the slmasatosl Eroups, Annals of
Mathematics; Vol. To (19590, pp: 313<317.
R. Bott, Morss Thaoey and Lts applisation to hiomctopy. theory,
Lacture notes by A. van de Ven (mimeogrephsd), University of
Bonm, 1960,




e —

E I. MWON-TEGENERATE FONCTIONS
since [ has

Therd
§2. Definltlons and lemmas, ' crpzi*tm = w{¥
g S R nh Y
the vords "smoth! and "differentisble’ will he used interchangs- EIREAE 33 W

ably to mean Aifferantiable of class €%, The tapgent spece oA Bmooth i'
pémireld M at & point p owill be deacted by TMy. If g M=W 1a W Ly T | P
srooth map Wwith glol = 9 Eren bhe ipdueed 1ipsar papoof tengent apaces [ stast funetian
will be donoted by gt T, — T, Loy Ly

Now lez [ Be-a amcoth real valued Muneticn of 4 mantfald M. A
puint  pie W ia called & srltleal peint of ¢ 1 the inducecd map g2 thy matrix

ig #erg, LI we chooss & locel poopdinate: syatam

ey i i g |
1 n L e reacect o LB
(o) e, ) In e delghbowlmod O aft @ ‘thiz means that
o - )
?'—'Tlf'p] = wpw = a—‘n.{p’,l =0 . [ W ¢
A% Ax

funotlongl L
Thi resl mumber fp) e called a orltical walud off fu
S top - apaca W,

We Acnots by W bhp pEh of @)1 polote X M such: thar Tix) £ &,
. i o whieh Ho

[ space, T.ouy

Tor AvaPy W

of & 3 fob & eritiesal value of  §  then 1t folleows oy the Lnplisit
funstlon theorem Lhat M la s smooth menifeld Saith-Beundawy, The bdhoery

& e 1s g osmooth gehbmanifeold ef M.
ppint nf T
A oondtdion]l peint g ta- gsilad non-degengrato 1T ard only if the )

Indes of f

et B s e
( B2 -’n"J‘] The: Lemme of
axdad descrihoed by
18 pon-singalars 11 can be checked directly that non-dedentracy doss nos Frllowing:
depend & the cogrdinate ayaten, This w11l follow also [rcen the ol g
" TEIM
tntrirsle dal'ind tlon.
ot
Ir p 33:a critical polnt oft T we define’a aymetbie Bl linser
functiomal Ty, on M., callsd the Hessian &F f At g I W c-"J.'t-:p
chen © &nd W heve sxtemalona Voand ¥ to vestor Melda;, We lat i fon
[ 1) N ?,’___f'ﬁ'f.*.‘ﬂ, whgre 1}*17 is, of course, just ¥, We muat anow LhAT & (¢
this is symeetrio and well-defined. It is symmetric because |
a . i : TR
T HLO - W) (¥t - o | |

_ B b i O Al
whore  [¥,] L the Pofsagn brackst of ¥ ound ¥, cand wheps l‘ﬁJw‘]P-.‘ f1 = © Ll A

Here W)  dénotes ths dlvectlonsl derlvetlive of nothe directl o
{ g L 1 ve o I in irectlon PHE RS PO




55, DEFINTTIONS AND LEMMAS 5

ainee  has p AE B af*.i;rff;-m.‘l_ point,
Therefope £, I3 apmeetrie. It fa Aoy cléarly wwli-defined sinee
{rptﬁ.tf}-} = WALEYY Ge Pndevendent of the sxtensich ¥ af W, while
i?i-i?[f'}] im tndependent = W
- 'T""" f"ﬁt",-p_f,:'{n:l 13 & Iocal coordliate syatem and v =R 8y E?’: 5

w=l by wE can takl ¥ - ‘,1'.-"':}-;| Eaf whote b, tow dsnotes & conl-

szant Piime ti ars Then

i 2
Tenlo) = WENE) - viED, 2o Boa v I

Ea
a0 the matrix {_ia :a—-ra:d- f-}ﬂ')' epressnts the bilinear fuastion £, with
w A

respach o Lhe baals 4_—;5—]?1 AT ﬁ}rz '

We can now talk sbeut the fndex and the millity of the bilinear
furicrfonal i, on TM,. The index o a bilindhr funttionsl H, on & vec-
tor space’ V, imdefined to be the maximsl diggnsion of & subapsse off ¥
tn-owkich H da ﬁ_jgg._ﬁ.t.iv& dni‘i::n'i‘r.,a:_ the millity is the dlmension off tha.;g_‘gg-r
Space, 1.o., bhy subspsce cohslating of all v e ¥ sach that Hiv,w) = o
TomoEvery Woe V.o The peint ¥ is-obvloodly ‘8 non-degenedate eritlesl
podne of " £ 47 amd only e Tig om "I'f-'[l-J has mlifty equal to 25 The
irdes of Ty oo T will 52 referved Lo simply as the fndex of o nt

Lz

The bemrm of Morss ‘sliovs thet the Behsviouw of P &t 7 oan be d;tﬂ:?]&';gly:
deseribed by this index. Bofors steting this Jeime we firgt peors the
Pollpwlng:

LEMMA 2,1, Let [ se s 0 functlion in o convex nelghe
bermoed W oof o 1n RT,  with P8) . ©. THen

PER R - 5 g ey, o, m)

i-1
Ter '=-.’1t:|& ﬂuitﬂ‘ble t;: fenpiiona g, défined In W, with
gloy = 3‘“ fay.
B 5 e il -
1'11”*"!&::1-1:' = —":ﬂ;d IE??EE-‘:XU ,.Jumn}xld-+
i 6 1=

Thevefare We can Tat g(x,,.... %) = [ g%l';r_;x'l_,_,_._,-ggﬂ} T
a




& . NON-DRGERERATE FUNDTIONS

LEMMA 2.7 (Temma ol Morae).. Tet P ba B pon-degenersls
srltical poink for I. Then bhore fs g loeel aoordinate
‘ayaten f;,-‘ e g ine neigimorhond U ol 7 with
wifg} -9 forsll 1 =ns such that the ldentity
o S B i
£= B - {3139— e ty"‘}E * L:r“t’l' + e ¥ {!ilﬂ'r?

‘nolds theougheat U, where % is the index.ef [ st |-

FROCE:  We Pipat show that LT Ghere 1s any duch axpresslion rox T
then. A must be the Indéx of T &b P For any coopdinate gystom
] Fir *'Jzn:l _——

gy = olp) = ( ta))®e e = (EMENYT o (T . (2T

(=

than we have E
p HE dedd @R
i
(p} = T i o R
[
v ptherwise

which shows thab bhe metols répresenting  f,, with teipect Lo thes besls

~—~.|—Err 8 iB
= preeey 3 o

Thepefops there 13 & subspred ol 'I'}-'I.FI of dinensicnm A whers [y, 18 nega-
tye definite, and s aubspaes Vo of direnaion -3 where ., 1s peaitivs

definite. Ir thors were s subapacoe of 'n% off dimenslon greater than:

on whitch 1, were nppatlve deflnise then this subspees: would interssor W,

which |5 cleaply imposaible, Therafore » Ia the index of ..

We now show that & suftable coprdinate system ' yeee, T euistas
Ghvioualy we can assume that p I the origln of R"amd thet fip) = ©00) = O,
By 2.1 we can write

1l
r‘“‘w“'-xﬁ_} - z xjgjtx1,'.-..,xn}
fa 1
for (% i00s%,) 1N aome netghhorhocd of 0. Binge O 18 assumed bo be A
eritligal point: )
By(0) = %{u} PN

Theralfore ;i &

#op weptaln

s

arid Lien hsl
1a eogaul to

T
which glvesn
Bopicos of
Lop quedpat
maderd £l

Sy

& nolenbonh

througlioat
o 1ipesr atb
Lat glug,s
Be 4o amashl

rorroed
K

‘-'_I =11
|-:-':|11 '

It Mollows

goanilnate

It ip eapl!




§2, DEFINTTIONS AND LEMMAS 7
Iherefore, epplying 2.1 to the By we have

BylXjarenimg) = i e ELL PR
' L=l
Loe vortein gmeoth Munotlang h']-'.i* Tt follows that
H

f{-x“u.;',lgn) = E "Fi:‘,jhi_]'mw“"’.‘_ﬁl .

P

13-
We can Hdgmme thﬂ.‘t. = hj.t.'*: Bitoe we oAn wrlts ﬁiJ = 31"'{!1:[';.14 h_”_]',
arel Ll have ﬁ.T.'.] - ﬁ;‘i = R I “i‘:lﬁi_'l o “Moreover the matrix T_'F-_I'.'J_{'GH
@
3

15 vgual to [ % ;‘-—,%rtﬂh}, snd hetoe s non-singulae,
RS oy

There i3 & ntn-aingilar transformation of the wordindte functhons:
which gives un the deslred oxprossion for £, in's perbaps amllsw nEigh-
borbood wf 2. To sew thid we Just imitete the waual dlagenallstidn prgar
Per qusdrelle Corms, {ses tor exemple, Rickhbo?f and Maelans, '.'A- sUPTE iG]
medsrn algatra,” o 2F1.) The key atep oon be doscrited aw rollms,

Suppese by Indacbiot that these exiat foorlinateg Bpoees, ity AN
fopslghornoed U of 0 ao Lhat

i = I . e
L0 SRR 1 T DS D z ul"]H;L,-j"u‘r""J-”n_]
P
throughimt U3 where the natrioes (ol aeign)) ave syometrlc. After
- i

£ 1inese clange In the last n-rsl  ccordinates We may seuing that E_,r-tﬁ} £ oo
Lot glugeeeaty)  demots e sgusre rout of |f_!w-tu,_,,,.,_pn':ifl. Thia w11l
b2 & amtuth, nenezerc Ponotlon of Wy ety themghout some smellér nafgh-
borhood U, € U, of 9, How introducs new coordifgtes vy,.o.v. by

-

L = A D ,uﬂb[uﬂ- '

ul_“iz-{uf-""- i ,u-h:' "'I‘Hi-r{“r FRRER ].‘

15

I't r'n-"-lm“.s from bhe Inverse funesion thoccem that Wipeeag¥, Will sepve 54

soopilnate furigtions within sore suf'ficlently amall nelghborbood U, of o,

3
It 1s easily verifisd that ! can be expressed ss

o }4 . r”i}? i E '.'fl.zJEjtJ_hr“.:..,vﬁﬂ_
fey l,i>r
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throughous Up. This completes the induction: and proves Tamma 2.2
CORILILARY -85
ot dopenerate critical polnbe (fop fAmetions on RoOoand

3 Non-dogensrate crltical polnts ard lacleted.

Exampiss

RY aps given belew, topether with pietures of their graphs.

)
. BT
(] 0¥ = x'. The cripin Y Py = e R amiin fn)
4gon degengrete crlitlesl pelng. Ths oifgln 18 & degeperate, Bmd
non-laclated, critlcal point.
{e
feg
nok
Wl
d1 7 Temorpt:

ential Geomo

At
- 5 me
iy = xF - 3x¥° = Feal part of [x o+ iy - 4

{o.01 is a depenerabe critisal point (s Ymeekey, saddis™y

cel
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fd) ftw,y) = x5, The et of tritical points, 1l of which

aré depenerass, Lo the x -axis, which lsa subepanifiold of "

(e Tz = 32;;?. The set of critical points; all ol which ere
degunorate; conaiste of the urlgn of the x and y axis, which is
not evern & sub-panifpld of RE-

We conelude this secrion with s dissusslon of 1-paraméter gooupa of
diffearorphtans, The peade® Is referves to K, Nomlsu,"Lin Groupd end Difrers
sntinl Geometry) o more detalls.

& |-parameter seoup of aiffecmorphisme of & mendifold M ls e ©F

r: R3 MR —MN

i



a0 I. NON-DEGENFRATE FUNCTIONS

auch that
17 For sach t8 B OThe man mps B — M defined by
2, (0) = wit,al In s ciffecmorphism of ¥ onto itself,
2) forall f,ue € R owe have . =% =9y
Glyen: & V-parsmeter prous o ol diffecmorphbdans of M oowe dofine
o veaton fi=id X on M ms follows. For every smooth resl walued functlon

£ 1t

an

i Tlaglar) = )
-

This wecbor fleli L fe sald oo gensvate Lhe growp o=

LEMMA 2.4, A amdoth vestor fisld on M whichevanishes
cutalde of A compast et KL M gefierstes 4 ualque 1=
pardmster provp of diffscmorphlams off M,
FROOF: Gleen any ‘smosth garvs
T —olt) € M
1h 18 ponventent to defiine the weloedty vocton
Faee)
at € Mypg

= H—=o0 (Dempen &F.1  New 18t o

bt 6o 1-paraseiey group o7 diSTeomorpitamE, gembested by bhe wvvesps Pledd ¥

by the fgentity ;ll%(_:‘} ~ia 1"1{5&?1-1‘&“] )

T for sech Tsed g The o
b=l

fatiaflsy t:rJe A Prepsrictal squntion
d..-[rtlf'q'l
e X%
.H: -'7-[-:1 [l
with lnitfad opmgislon go,q) = 5. This ls true sioce
Li'll'-tl':l'fl] o t&m !.{mtnii'lfl‘ﬂ"l = lrﬁ-\",_tllf-'t'.":l

11 PEEREEN) - TR .
B+ I '}

s eaa L

where § = -;er{‘; « Bat it lawell knesm that such s dlrerenllal souatl o,
tooally, has d unluybe soletion which degerds anpelhly on the Laltlal cobdl-

Libp. (Sompars Grdves, "l ThEesty ol Manstlont of Renl Yarlsbles:" p, o168;

Kot thet, in tepms of Logal coordinates I.LII e o ,1;“., whe dii'ferential equa-

! ) 1 : .
tico tales on the sore Paciiiae fopm: %1'.._ - X |f|_11I ..__,,_'_-,;'l'jl S, S

Thy |
n!_jlihhar fi-

hes a aniqus =
Ty -5
nedghborhooda
pumbers - g, f
tial sguation |
g€ M. This:s

mgeey L La ol

. herefores aagh

It on
be expresaad A
If to« Kleg /e

whiere Lhie Loan
arly reecsaRary
is :terf"i;m;d fom
well definmed, .
vomplatay the

REMAR
canngt be dulty

vand ek X he

ponerate any 1.
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Thus for smch point of M there sxists s neighborhood U and a
muber £ > 0 8o that the differentlisl equation

m_-?ﬁiﬁ = Fapta)r vptal =4
has & unigue smooth solution fer ¢ e U, |6 < &,

The compect set K can ba eovered by & findfe mmber ef auch
nelghborhoods U, Iet e, >0 denote the smallest of the enrrespernding
mimbiers . 8stuing wy(q) -4 far g 4 K, It followe that this differen-
tial eguation hes =ardgus selutdon: .'¢t_(t1_} far  |t] € ‘g, &nd for &ll
g e M. This solution ls smocth a8 e functicn of both vardables. Purthar=
more, 1t 1 glear thet ... = %, « 9, providing thaz [t],lgl,|tss| g
Therefore pach such ¢ I3 & diffé:;xilbﬁphiﬁm.

It anly L.‘ﬁﬂ:le_l-ins-. to define @y Ter e Bleyd ANy fumber tosan
e sxpressed as 4 multfple of £,/2 plus & remainder v with |p| <= /2 .
If b - kg, /8) « r owith kD0, et

My = ¢t’nl'lll2 . :?Fta?{"g Hoeas " ;.-IPEW.!;} t
whers the trenaformation -.qvﬁ-ﬂ_ /5 lg-dtereted 4 times. If k- <o it is
only necessary to replace _@E_ﬁ fa W % fe Aterated -k ulmes. Thus oy
iz defined Fop all valuss of .t» Tt T3 mot difficult to verily that g, ls
well deflned, smooth, and satlafles the conditlon g, = @ * @, . This
completes the prool' ol Lomma 2L

REMARE: The hypethssis that ¥ vanilshes cutside of o wompacs set

carnot be cmitted, TFob exsfiple let M be the open unit interval (0,1) CR,
and 1ot X e the standars vestor P1R18 Jeoon M. Thes X doss not
gorirate any i-parameber group of dif'fecmoephisms of  Ma




