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Elementary Number Theory (TN410)

Exercises: Sheet #4

May 20, 2015

. Use the Chebichev Theorem to prove that if ¥(X) =, - x A(n), then

X<pX)<X X o0

. Show that

ZA Ylogn =y (X)log X + O(X).
n<X

. Prove the identity: A(n) = =3, u(d)logd
. Prove the identity: (A *A)(n) = A(n)logn + 34, u(d) log? d.

. Dimostrare 1'identita

mem(1,2,3,...,n] = ¥,

Let n,q € N. The Ramanujan’s sum is defined by the formula

cq(n) == Z e(%)

a=1
(a,9)=1
where e(z) := e2™2, Prove the following properties:
. Verificare esplicitamente che
ci(n) =1, ca(n) =cosnm c3(n) = 2cos 2nm, cq4(n) = 2cos gnw
cs5(n) = 2cos 2nm + 2 cos %mr c6(n) = 2cos gnm
c7(n) = 2cos %mr + 2 cos %mr + 2 cos gmr cs(n) = 2cos inﬂ + 2 cos imr
co(n) = 2cos %mr + 2 cos %mr + 2 cos %mr c10(n) = 2 cos émr + 2 cos g’mr
. kn
Let ny(n) = Z e(—). Prove that
= 4
0 ifgtn q
() =4~ n(m) =Y ), cqn) = > p(F) nan)
¢ ifgfn dlq dlq

. ¢¢(n) is multiplicative in the following sense: if (¢,7) = 1 then c4(n)c,(n) = ¢4 (n).

. if p is a prime number,

. 0 if pv=14n
_ -1 ifpin — k=1 e k-1 k
cp(n) = . cpe(n) = —p if p"~ | nand p*tn
pp) ifpln

e(p*) ifp¥|n

1 ( ) (formula di Kluyver - 1906)
d|(qn)

cq(n) = p <(q’n)) (@(Z) ) (formula di von Sterneck)




