Elementary Number Theory (TN410)

Exercises: Sheet #1
March 6, 2015
VOLUNTEER STUDENTS WHO, DURING PROBLEM SESSIONS, WILL PRESENT THE SOLUTION OF ONE (OR MORE)

EXERCISES (BETWEEN NUMBER 4 AND NUMBER 10 BELOW)7 WILL GET A BONUS OF ONE POINT ON THE FINAL
GRADE FOR EACH EXERCISE SOLVED AT THE BLACKBOARD.

—_

. Compute ged (5520, 3135), ged(8736,3135);

2. Compute v9(70!), v5(125!) and v7(130!);

3. Let a,b,c,n € N. Show that

(a) Ifa | n, b| n and ged(a,b) =1, then ab | n
(b) If a | be and ged(a,b) =1, then a | c.

4. Show that there exist infinitely many primes p of the form p = 4k — 1;
(hint: Assume that p1,...,pr are the only primes of this form and consider N = 4p1 ---pr — 1)

5. Let w(z) = #{p < z}.

(a) Compute (by hand or with a computer) w(10), w(100), 7(1000) and 7(10000);
(b) Compare, in each case, the obtained value both with X/log X and with 1i(X).

6. Let, for k > 1, (k) = >0, -. Show that

n=1

> nik =¢(k)+0 (%) and that “T(LZ) - ﬁ 1o <%) ;

n<X n<X

7. We say that n € N is k—free if, for each prime p, p* f n. Let ux be the characteristic function of k—free integers. that is:

(n) 1 if n is k—free;
n) =
1k 0 otherwise.

(a) Show that uy is multiplicative;
(b) Prove the identity:

pe(n) =D p(d);
deN
dk\n

(c) Show that

_ L 1/k
T;uk(n)_c(k)x+0(x ).

8. Show that the probability that two positive integers are coprime, is 6/7%;
9. Let N be an ipothetical odd perfect number. Show that the unique factorization of N has the form:
N:plf .p%jz ...p2j7‘

where k > 1, j1,...,j» > 1 and p1 =k =1 mod 4;
(hint: note that it must be o(N) = 2N = 2 mod 4 and deduce from it some properties of o(p®) for p®||N )

10. Show that an odd perfect number N cannot be of the form 6m — 1.



