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?A@CBEDGF�H0@JI'K�DMLJI)HON;P�QO@SRE@CDGQ�N�H0@UTOQO@WVXDGFYK�N�BEDGQ[ZY@SQ6TO@SZ�\0]^H�I'Z�I
f : [a, b] → R _TOQO@WVXDGFYK�N8K�N8Q[Z�N`BEDGQ[ZY@SQ[TaI�b�N

∀ε∃δ(ε)t.c.∀x, y ∈ [a, b]t.c.|x − y| < δ ⇒ |f(x) −
f(y)| < ε

c T�NEbYZY@db�DGQ�D+I'LCB8TOQO@eB8FY@SZ�N8FY@gf�N8F�bYZ�I'hO@SLS@SF�N�b�NiTOQaIjV"TOQORE@CDGQ�N _ TOQO@WV"DGFYK�N8K�N8Q6Z�NBEDGQ6ZY@SQ[TaI0]lk(@3mnb�NeV�k3o�m _ TOQO@WVXDGFYK�N8K�N8Q[Z�NpBEDGQ[ZY@SQ6TaI�b�T^ZYTOZYZ�DALrq @SQ6Z�N8FYsGI'LSLCDtN
f�Dub�bY@CNEHONTOQ�IGb�@SQ[Z�DGZ�D`DGFY@SRERvDGQ6Z�I'LCN�I'LSLCDGF�IjVYk3oam _ TxwyBuwSwk(@S@3mnb�NtVYk3oam _ BEDGQ[ZY@SQ6TaI�bYTMTOQ$BEDGK�faI'ZYZ�D+I'LSLCDGF�I _ TxwyBuwk(@S@S@3mnb�NpVYk3oam;zyHON;P�QO@SZ�I{@SQ+TOQ�@SQ[Z�N8FYsuI'LSLCD�I'f�N8FYZ�DOz _ NEbYZ�N8Q�H0@ShO@SLCN�IGH`TOQaItV"TOQORE@CDGQ�N
BEDGQ0|ZY@SQ6TaIjQ�N8LSLrq @SQ[Z�N8FYsuI'LSLCD)B�}O@ST�b�DOz~I'LSLCDGF�I _ TxwyBuwk(@Ss�m�b�N�VYk3oam�Q�DGQ _ NEbYZ�N8Q�H0@ShO@SLCNjIGH�TOQaI�V(TOQORE@CDGQ�N�BEDGQ[ZY@SQ6TaI+b�T�TOQ$BEDGK�faI'ZYZ�D+Q�DGQ
_ TxwyBuw

k(s�mnb�NtV�k3o�m�}aIjHON8FY@SsuI'Z�IjLS@SK�@SZ�I'Z�I _ TxwyBuwk(s�@3m�b�NtV�k3o�m _ LS@Sf�b�B�}O@SZYRE@JI'QaI _ TxwyBuw

� DGQ�D�TOZY@SLS@gI'Q�B�}�Ni@xb�N8�uT�N8Q[ZY@�LCN8K�K�@r]
k(@3m8k"��N8K�K`I2HON8LSLJI+VXI'F�VrI'LSLJI5m � N

f(x) : [a,∞] → R _ TxwyBuw~I'LSLCDGF�I ∃A,Bt.c.|f(x)| ≤
Ax+B.

k � @�T�b�I^@SQ+Q�N8�[I'ZY@Ss5DOzyB8@CD _ f�N8F�H0@SK�Dub�ZYF�I'F�NtB�}�N
TOQaI^V"TOQORE@CDGQ�N
Q�DGQ _ TxwyBuw�m

k(@S@3m � N�VYk3oam _ TxwyBuwU@SQ�TOQM@SQ6Z�N8FYsGI'LSLCD+��LS@SK�@SZ�I'Z�D+I'LSLCDGF�I�VYk3oam _ LS@SK�@SZ�I'Z�I�@SQ��;w
�t�v�6�!�[�(�[�(���-�
��I`V(TOQORE@CDGQ�N _ HON;P�QO@SZ�I ∀x 6= 0

Nuz Z�N8Q�N8Q�HOD2BEDGQ6Z�D)HON8LeK�D�H0TOLCDOz�bY@
fOT��`HON;P�QO@SF�N{@SQ��6T�NEbYZ�DjK�D6HODO]

f(x) =







e−x(logx + 1)
b�N

x > 0
e−x(log(−x) − 1)

b�N
x < 0

� DGK�@SQ�B8@JI'K�D+I�bYZYT�H0@JI'F�N^LJI�V(TOQORE@CDGQ�N{f�N8F
x > 0

w
��L��v�[������HON8LSLJIiV"TOQORE@CDGQ�N��tHON8Z�N8FYK�@SQaI'Z�D`H�I

(logx + 1)
zOH�I'L�K�DGK�N8Q[Z�D�B�}�N

e−x �
b�N8K�fOF�N{f�Dub�@SZY@Ss5DOzO�[TO@SQ�H0@�b�@1}aI0]

e−x(logx + 1) > 0 ⇐⇒ log x > −1 ⇐⇒ x >
1

e

�



N�f�N8F
x = 1

e

LJI�V(TOQORE@CDGQ�N�bY@xI'QOQ[TOLSLJI0w
� ZYT�H0@JI'K�D+DGF�I�@��"��� ��� �n]

lim
x→0+

e−x(log x + 1) = −∞
N

lim
x→+∞

e−x(log x + 1) = 0

f�N8F+B8TO@�bY@A}aI TOQ��O�!�(���v�	�v��
��[��� �3�
���3� HONEb�ZYF�D k
x = 0

m�@SQ�� N�TOQ��O� �"���v���v�
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� ZYT�H0@JI'K�D+DGF�I�LJI��d�[�G��
��������d�'�����1]

f ′(x) = e−x( 1
x − log x − 1)

w
��b�b�I$�+HON;P�QO@SZ�I

∀ x > 0
w��dDG@CB�} _ e−x �+b�N8K�fOF�N+f�DubY@SZY@SsuI0zef�N8F�I'QaI'LS@SRER I'FYQ�N2@SL

b�N8�uQ�D�BEDGQ�bY@CHON8FY@JI'K�D�LJI�V"TOQORE@CDGQ�N

g(x) =
1

x
− log x − 1

� ZYT�H0@JI'K�DGQ�NiLJIjHON8FY@SsGI'Z�I�fOFY@SK`I0]
g′(x) = − 1

x2 − 1
x = − 1

x2 (1 + x)
B�}�N^�{b�N8K�fOF�N

Q�N8�[I'ZY@SsuI�f�N8F
x > 0

z-�[TO@SQ�H0@
g(x)

�^b�N8K�fOF�NiHONEB8F�NEb�BEN8Q[Z�N! �H�I'Z�D+B�}�N
g(1) = 0

zaLJI
V"TOQORE@CDGQ�N

g(x)
�if�Dub�@SZY@SsGI�@SQ

(0, 1)
NiQ�N8�[I'ZY@SsGI`f�N8F

x > 1
z-f�N8F�B8@#")I'Q�B�}�N

f ′(x)
�

f�DubY@SZY@SsuI2@SQ
(0, 1)

N�Q�N8�[I'ZY@SsuIMf�N8F
x > 1

]�f�N8FYZ�I'Q6Z�D
f(x)

�`B8F�NEb�BEN8Q[Z�N)@SQ
(0, 1)N2HONEB8F�NEb�BEN8Q6Z�NM@SQ

(1,+∞)
 p@SQ�DGLSZYF�N2@SL�fOTOQ6Z�D

x = 1
�)TOQ fOTOQ[Z�D H0@$�%�O�v�!��� �
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f(1) = 1

e

w

� ZYT�H0@JI'K�D`DGF�IjLJI�V"TOQORE@CDGQ�N{f�N8F
x < 0

z��6TO@SQ�H0@
f(x) = e−x(log(−x) − 1)

�dN8FA@SL�� �[�-�g��HON8LSLJIjV(TOQORE@CDGQ�NuzOf�DG@CB�} _ e−x �{b�N8K�fOF�N{f�DubY@SZY@Ss5D�I'LSLCDGF�I�b�@1}aI0]

f(x) > 0 ⇐⇒ log(−x) − 1 > 0 ⇐⇒ log(−x) > 1 ⇐⇒ x < −e

��Q�DGLSZYF�N
f(−e) = 0

w � ZYT�H0@JI'K�D`DGF�Ij@'�"��� ��� ��]

lim
x→0−

e−x(log(−x) − 1) = −∞
N

lim
x→−∞

e−x(log(−x) − 1) = −∞

�6TO@SQ�H0@{I'hOhO@JI'K�D TOQ(�O� �"���v���v��
��[��� ��
����(� bY@SQO@Cb�ZYF�D
(x = 0)

@SQ��0w ��Q�DGLSZYF�N�LJI
V"TOQORE@CDGQ�N{Q�DGQ�}aI)�O�!�(���v�	� �p�	*+�"��,.-d��I

−∞
f�DG@CB�} _

lim
x→−∞

e−x(log(−x) − 1)

x
= −∞

w
� ZYT�H0@JI'K�D LJI/�d�[�G��
������0�g�G���%�1]

f ′(x) = −e−x(log(−x) − 1) + e−x( 1
x) =

e−x( 1
x − log(−x) + 1)

w
�dDG@CB�} _ e−x � b�N8K�fOF�N f�DubY@SZY@Ss5DOz
f�N8F�bYZYT�H0@JI'F�N @SL{b�N8�uQ�D HON8LSLJI HON8FY@SsuI'Z�I fOFY@SK`I
b�ZYT�H0@JI'K�D�@SL�b�N8�uQ�D�HON8LSLJI�V"TOQORE@CDGQ�Nu]

h(x) =
1

x
− log(−x) + 1

� DGQ�b�@CHON8FY@JI'K�D�LJI�bYTaIiHON8FY@SsGI'Z�I0]
h′(x) = − 1

x2 −
1
x = − 1

x2 (1+x)
z�B�}�N�bY@�I'QOQ[TOLSLJI

f�N8F
x = −1

zaN{�[TO@SQ�H0@��6TO@xbY@�I'QOQ6TOLSLJI`I'Q�B�}�N^LJI
f ′(x)
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h′(x) > 0
@SQ

(−∞,−1)
N

< 0
@SQ

(−1, 0)
zx�6TO@SQ�H0@

−1
��TOQ fOTOQ[Z�DMH0@eK`IGb�b�@SK�D

f�N8F
h(x)

N
h(−1) = 0

z�f�N8F{B8TO@
h(x) < 0 ∀ x ∈ (−∞,−1) ∪ (−1, 0)

w c TO@SQ�H0@
f ′(x) = 0

f�N8F
x = −1

NEH �)Q�N8�[I'ZY@SsuI @SQ�ZYTOZYZY@��uLS@AI'LSZYFY@�fOTOQ6ZY@AHON8LSLrq @SQ[Z�N8FYsuI'LSLCD
BEDGQ�b�@CHON8F�I'Z�DOz
f�N8FYZ�I'Q[Z�D

f(x)
�2bYZYF�N8ZYZ�I'K�N8Q[Z�NMHONEB8F�NEb�BEN8Q6Z�NM@SQ

(−∞, 0)
N+}aI$TOQ

�+-d���v�%�d���e�[�v�v� �a�G�(�5�5�-�������(�+@SQ
−1

HODvs5N
f(−1) = −e
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�t�v�6�!�[�(�[�(����� � @xQ�DGZY@�B�}�N{LJI�V"TOQORE@CDGQ�N _ f�N8FY@CD6H0@CBvI�H0@ 2π

zy�6TO@SQ�H0@gB8@�LS@SK�@SZY@JI'K�D`I
b�ZYT�H0@JI'FYLJI�Q�N8LSLrq @SQ6Z�N8FYsGI'LSLCD

[0, 2π]
 @SQ faI'FYZY@CBEDGLJI'F�N�bY@�ZYF�I'ZYZ�I+I'Q�B�}�N�H0@�TOQaI�V(TOQORE@CDGQ�N

H0@Cb�faI'FY@ k(f�N8F�B�} _ LCD�b�DGQ�D senx
N

tanx
m;zy�6TO@SQ�H0@-B8@af�DGZYF�N8K�K�DjI'Q�B�}�N�FY@CH0TOFYF�NtI'LSLrq @SQ0|

Z�N8FYsuI'LSLCD
[0, π]

w{��I�V(TOQORE@CDGQ�N�@SQ
[0, 2π] _ HON;P�QO@SZ�I ∀x 6= π/2, 3π/2

 _ f�Dub�@SZY@SsGI�@SQ
[0, 2π]

N�@SQ
[π, 3π/2]

N{Q�N8�[I'ZY@SsuIjQ�N8@1F�NEbYZ�I'Q[ZY@g@SQ[Z�N8FYsuI'LSLS@rw
�dN8Fx@5LS@SK�@SZY@6bY@u}aI0]

lim
→π/2+ f(x) = −∞

 
lim

→3π/2+ f(x) = −∞
 
lim

→3π/2− f(x) =

∞
 
lim

→π/2− f(x) = ∞
w

�gI HON8FY@SsGI'Z�I fOFY@SK`I _ f
′

(x) = cosx + 1/cosx2  
NEb�b&I bY@�I'QOQ[TOLSLJI @SQ
x = π

N
f

′

(x) > 0 ∀x 6= π
 y�6TO@SQ�H0@Af�N8F

x = π
zyHOD s5N�bY@p}aI

f(x) = 0
z�}�D TOQ��aNEb�b�D I

Z�I'QO�5N8Q6Z�NiDGFY@SRERvDGQ6Z�I'LCNuw
�gIMHON8FY@SsGI'Z�I�b�NEBEDGQ�H�I _ f

′′

(x) = senx
cosx

−cosx3+2
cosx2

zyNEb�b&I _ f�Dub�@SZY@SsGI)@SQ [0, π/2]
Nj@SQ

[π, 3π/2]
zyHODvs5N�LJI^V"TOQORE@CDGQ�N _ BEDGQ[s5NEb�b&I0zyN�Q�N8�[I'ZY@SsGI�Q�N8@�FY@SK`I'Q�N8Q[ZY@�@SQ[Z�N8FYsuI'LSLS@xHODvs5NLJI�V"TOQORE@CDGQ�N _ BEDGQ�BvIvsGI0w

�t�v�6�!�[�(�[�(���1� � @JI$H�I'fOfOFY@SK`I
α ≤ 1

 
f�DubYZ�D
1 ≤ x ≤ y

zgb�@�}aI y
x ≥ 1

zdH�I�B8TO@
( y

x

)α
≤ y

x

 0f�N8F�B8@#"O]

yα − xα = xα
[(y

x

)α
− 1

]

≤ xα
[(y

x

)

− 1
]

B8@CD��
yα − xα ≤ xα−1(y − x)

 
K`I @SLAVrI'ZYZ�DGF�N
xα−1 �

≤ 1
zpf�N8F�B�} _ x ≥ 1

N
LrqyNEb�f�DGQ�N8Q6Z�N

α − 1 ≤ 0
]UQ�N{b�N8�uT�N^B�}�N{f�N8F

1 ≤ x ≤ y
sGI'LCN

f(y) − f(x) = yα − xα ≤ y − x
B8@CD��

|f(y) − f(x)| ≤ |y − x|
z-H0@Cb�TO�uTaI'�uLS@JI'QOR I�suI'LS@CH�I�BEDGK�TOQ��[T�N�bY@�fOF�N8Q�H�I'Q�D

xNEH
y
@SQ

[1,+∞)
z�H�I'Z�D�B�}�N

x
NEH

y
b�DGQ�D�Dvs�s�@JI'K�N8Q[Z�N^@SQ6Z�N8F�b�BvI'KihO@JI'hO@SLS@rw

��I B8@#" b�N8�uT�N$Lrq TOQO@WV"DGFYK�N BEDGQ[ZY@SQ6TO@SZ
	 H0@
f
zAf�N8F�B�} _ Pab�b�I'Z�D

ε > 0
zAbY@tfOT�"

fOF�N8Q�HON8F�NjBEDGK�N
δ
TOQ �[TaI'LSTOQ��6T�NiQ6TOK�N8F�D2K�@SQ�DGF�N�H0@

ε
z1IGH NEb�N8K�fO@CD

δ = ε
2

]Af�N8F
|y − x| < δ

bY@�}aI
|f(y) − f(x)| ≤ δ < ε

w
�t�v�6�!�[�(�[�(���x�ik(@3m V�k3o�m _ TxwyBuwUf�N8F�B�} _ f

′

(x) = −senx
(cosx+2)2

N
|f

′

(x)| ≤ 1
 

k(@S@3m
f(x) = 2

ex
−e−x

Q�DGQ _ TxwyBuwdf�N8F�B�} _ b�N�BEDGQ�bY@CHON8FY@JI'K�DtLrq @SQ6Z�N8FYsGI'LSLCD�LS@SK�@SZ�I'Z�D�k �0z � mNEb�b�I�Q�DGQ _ LS@SK�@SZ�I'Z�I� @SQ0VrI'ZYZY@ lim
→0+ f(x) = −∞

w
k(@S@S@3m V�k3oam _ TxwyBuwUf�N8F�B�} _ f

′

(x) = cos(1/x)(−1/x2)
N
|f

′

(x)| ≤ π2k(@Ss�m V�k3o�m _ TxwyBuwMbYT ZYTOZYZ�D�
 f�N8F�B�} _)_ BEDGQ6ZY@SQ[TaI NEH }aIMTOQ�IGbY@SQ6Z�DGZ�D$DGFY@SRERvDGQ6Z�I'LCN
@SQ0VrI'ZYZY@x@SL1LS@SK�@SZ�NiI�� Nt|

∞
sGI'LS�5DGQ�D � w

k(s�m V�k3o�m _ TxwyBuw�Q�N8LSLrq @SQ[Z�N8FYsuI'LSLCD [3,∞]
f�N8F�B�} _ f

′

(x) = x4
−12x2

−2x
(x2

−4)2
N
lim→∞ f

′

(x) =

1
 G@SQ6s5NEBEN�@SQ

(−∞,−2)
V�k3o�m1Q�DGQ _ TxwyBuw�f�N8F�B�} _ Q�DGQ _ TxwyBuw�Q�N8LSLrq @SQ6Z�N8FYsGI'LSLCDtLS@SK�@SZ�I'Z�D

[−3,−2)
 @SQ0VrI'ZYZY@

lim
→−2− f(x) = −∞
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