
���������
	��
��	������������������

���������! "�$#�%&�' ( (�)�+*-,(.�/0�1�2#�,3/546�������!7&78,
9�: .;��%&<'/ 9�=0=0>

?1@-A"BDCFE(@-GDHJILK�M(N3OQPSR8T�UVRXWYT�Z[WYT\NVR8]�^;_YR8U`UVZ[aFb'T\Nc]\d�Zeb'fYfYNgb'd�Z;h�i�R
ln(1 + 1

x
) =

ln(x+1
x

) = ln(x + 1) − lnx j�k WYWYUcNVhlZeNcU`]�RlZ[T�R8dXbm_0Nonpb'aqT�b'rYa5R�b'UcUgb$s"tYrYulNVZ[r�R
f(x) = lnx

r�R8UcUwv NcrF]�R8T\xqb'UcUVZ
[x, x + 1] y�z tYNcr�_0N ∃ ξ ∈ (x, x + 1)

]�b'UVRQh�i�R

ln(x + 1) − ln(x) = f ′(x)(x + 1 − x) =
1

ξ
PSZ[NVh�i�{

x < ξ < x + 1
b'UcUVZ[T�b+b'fYfYNgb'd�Z�h�i�R

1

x + 1
<

1

ξ
= ln(1 +

1

x
) <

1

x

M(NcN3O k WYWYUcNVhlZ�nDb'aqT�b'rYa5R|b f(x) = x + sinx − 2(ex − 1) y hlZ[r ξ ∈ [0, x) } Z[]\]�R8rYa5Zh�i�R
x + sinx − 2(ex − 1) = f ′(ξ)x ~ W�Z[NVh�i�{�i�Z�h�i�R f ′(x) = 1 + cos x − 2ex ydXb'aqaqNVZ[T�b'r�_YZ

cos x
hlZ[r�����N1iLb ~

x + sinx − 2(ex − 1) = (1 + cos(ξ) − 2eξ) ≤ (1 + 1 − 2eξ) ≤ 2 − 2eξ ≤ 0

M(NcNcN3O k WYWYUcNVhlZ�npb'aqT�b'rYa5RQb f(x) = tanx− x− x3

3

hlZ[r
ξ ∈ [0, x)

R
x ≤ π

2 j
PDZ[NVh�i�{

f ′(x) = 1
cos2

− 1 − x2 b'fYfYNgb'd�ZXh�i�R

tan x − x − x3

3
= f ′(ξ)x = x(

1

cos2 ξ
− 1 − ξ2)

PSZ[NVh�i�{
x > 0

r�Z[r�hlZ[rF]\T\NcfYtYNV��hlR�b'UcUVZ��\]\t�_0NVZ�_YR8UcUgb�_0NV�\tYaqtLb'aqUcNgb'rYu�b y-z tYNcr�_0N1fLb[��]�b_0Ncd�Zq��]\T�b'T�Rmh�i�R 1
cos2ξ

− 1 − ξ2 ≥ 0 ~ d�Ncr�Z[T�b'r�_YZ −ξ2 W�R8T
ξ ∈ (0, π

2 )
M"_�b'U

d�Z[d�R8r6]�Z�h�i�R
x < π

2

O y �\N�iLb�h�i�R 1
cos2ξ

− 1− ξ2 ≥ 1
cos2ξ

− 1− π2

4 y0z
tYNcr�_0N z t�R8UcUVZh�i�R�_YZ[fYfYNgb'd�Z�_0Ncd�Zq�\]\T�b'T�R���h�i�R 1

cos2ξ
≥ 1 + π2

4 y
dXb z t�Rl�\]�Zm��x5R8T�ZmW�R8T�h�i�{

cos2 ξ ≤ 1

1+ π
2

4

_�b'U�d�Z[d�R8r6]�ZXh�i�R
cos2 ξ ' ε

W�R8T
c
h�i�RQ]�R8r�_YR�b π

2 j
?1@-A"BDCFE(@-GDHe�1K k WYWYUcNVhlZ+npb'aqT�b'rYa5R�b'UcUgb�s(tYrYulNVZ[r�R h(x) = f(x) − g(x) ∈ [a, x) ~Z[]\]�R8rYNgb'd�Z

h(x) − h(a) = h(ξ)(x − a) ξ ∈ (a, x)
� z tYNcr�_0Npb'fYfYNgb'd�Z ~

f(x) − g(x) − f(a) + g(a) = [f ′(ξ) − g′(ξ)](x − a)

�



_YZ�x5R −f(a) + g(a) < 0
R

f ′(ξ) − g′(ξ) > 0 y�z tYNcr�_0N ~
f(x) − g(x) = [f(a) − g(a)] + [f ′(ξ) − g′(ξ)](x − a) > 0

?1@-A"BDCFE(@-GDH��1K|M(N3O
f(x) = |x3 − 1| j� ]\t�_0Ngb'd�ZXUgb�s(tYrYulNVZ[r�R

x3 − 1
W�Z[N�T\NcfLb'Uc]\Ngb'd�Z�Ugb�WLb'T\]�R�r�R8aFb']\Ncxqb j

� U��S@���E"GSE(@���]\tY]\]�Z	� } W�R8T NcU�
 H��-GD@$b'fYfYNgb'd�Z+h�i�R

f(x) ≥ 0 <=> x3 − 1 ≥ 0 <=> x3 ≥ 1 <=> x ≥ 1

� A"E
��E���Ep��Z[r�Z
limx→+∞ x3 − 1 = +∞ R

limx→−∞ x3 − 1 = −∞ j
� UcN���
�E"G�� @���E ~ r�Z[r h8N ��Z[r�Z b[�\NcrF]�Z[]\N�x5R8T\]\NVh b'UcN�Z�Z[T\Nculu Z[rF]�b'UcN } x5R8T\N��Lh�iYNgb'd�Z aqUcN
b[��NcrF]�Z[]\NpZ[fYUcN z tYN ~

lim
x→+∞

x3 − 1

x
= +∞ e lim

x→−∞

x3 − 1

x
= +∞

z tYNcr�_0N�r�Z[r�h8Np��Z[r�Z�r�R b'r�h�i�RQaqUcNSb[�\NcrF]�Z[]\NpZ[fYUcN z tYN j
nDb��SH��[E���������� �[E
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f ′(x) = 3x2 y�z tYNcr�_0N f ′(x) = 0 <=> x = 0
R

f ′(x) > 0 ∀x 6= 0 j
nDb"�DH��'E��������#
 H�$5@-G �%�J�

f ′′(x) = 6x y z tYNcr�_0N f ′′(x) = 0 <=> x = 0
R

f ′′(x) > 0
W�R8T

x > 0
R

f ′′(x) < 0
W�R8T

x < 0 j
nDb�s(tYrYulNVZ[r�RQr�Z[r���_YR8T\Ncx[b'fYNcUVRQNcr�� j

M(NcN3O
f(x) =

√

x2(x−1)
x+1� U&�D@���E"GDE(@ _YR8x5R2Rl����R8T�R+]�b'UVR2h�i�R

x + 1 6= 0
Rl_�Ncr�Z[Uc]\T�R x2(x−1)

x+1 ≥ 0 y
z tYNcr�_0N��]\t�_0Ngb'r�_YZ|UVRo_0NV��tYaqtLb'aqUcNgb'rYu R Z[]\]�R8rYNgb'd�Z�h�i�R
NcU-_YZ[d�NcrYNVZ
D
�
WLb'T\N�b

(−∞,−1)∪
{0} ∪ [1,+∞) j � U%
�H��-GD@ _0N f(x)

�
> 0 ∀x ∈ D

R
f(x) = 0

W�R8T
x = 0

R�W�R8T
x = 1 j
� A"E
��E���Ep��Z[r�Z

lim
x→−∞

f(x) = +∞, lim
x→−1−

√

x2(x − 1)

x + 1
= +∞ e lim

x→+∞
f(x) = +∞

� UcN���
�E"G�� @���E ~ r�Z[r2h8N���Z[r�Z�b[�\Ncr6]�Z[]\N1Z[T\Nculu Z[rF]�b'UcN y dXb�hqv �
tYr�b[�\NcrF]�Z[]�Z�x5R8T\]\NVh b'UVR Ncr
−1 j(' Rl_0Ngb'd�Z+Z[T�b�aqUcNpb[�\Ncr6]�Z[]\NDZ[fYUcN z tYN ~

m = lim
x→+∞

√

x2(x − 1)

x + 1

1

x
= lim

x→+∞

√

x2(x − 1)

x2(x + 1)
= 1

)



q = lim
x→+∞

√

x2(x − 1)

x + 1
− x = lim

x→+∞

√

x2(x − 1) − x
√

x + 1√
x + 1

=

= lim
x→+∞

x2(x − 1) − x2(x + 1)

(
√

x2(x − 1) + x
√

x + 1)
√

x + 1
=

= lim
x→+∞

−2x2

√

x2(x2 − 1) + x(x + 1)
= −1

z tYNcr�_0NDb'fYfYNgb'd�Z�Uwv b[��NcrF]�Z[]�ZXZ[fYUcN z t�Z�hlZ[r�T�R8]\]�b y = x − 1
W�R8T

x → +∞ j

m = lim
x→−∞

√

x2(x − 1)

x + 1

1

x
= lim

x→−∞

|x|
x

√

x − 1

x + 1
= −1

q = lim
x→−∞

√

x2(x − 1)

x + 1
+ x = lim

x→−∞

√

x2(x − 1) + x
√

x + 1√
x + 1

=

= lim
x→−∞

x2(x − 1) − x2(x + 1)

(
√

x2(x − 1) − x
√

x + 1)
√

x + 1
=

= lim
x→−∞

−2x2

−(x
√

(x2 − 1) + x(x + 1))
= 1

z tYNcr�_0NDb'fYfYNgb'd�Z�Uwv b[��NcrF]�Z[]�ZXZ[fYUcN z t�Z�hlZ[r�T�R8]\]�b y = 1 − x
W�R8T

x → −∞ j
nDb �SH��[E�������� � �[E
�!�;�

f ′(x) =
√

x+1
x2(x−1)

x(x2+x−1)
(x+1)2

~ Rl����b)�\N b'rYr6tYUcUgb2W�R8T x =

−1+
√

5
2

M"h�i�RoW�R8T � r�Z[rXb'WYWLb'T\]\NVR8r�R
b'U�_YZ[d�NcrYNVZ�_YR8UcUgb s(tYrYulNVZ[r�R�OSR W�R8T
x = −1−

√
5

2 }��]\t�_0Ngb'r�_YZ�NcU ��R8aqr�Z�_YR8UcUgb2_YR8T\Ncx[b']�b�b'fYfYNgb'd�Z�h�i�R�W�R8T
x < −1−

√
5 , f ′(x) < 0 y

z tYNcr�_0ND�|_YRlh8T�Rl��hlR8rF]�R y d�R8rF]\T�R�r�R8UpT�Rl��]�Z�_YR8UD_YZ[d�NcrYNVZ f ′(x) > 0 y-z tYNcr�_0NDUgb�s(tYr��ulNVZ[r�R+��h8T�Rl��hlR8r6]�R j�� b�h8N � W�Zq���\Ngb'd�Z�_YRl_0tYT\T�R+h�i�R x = −1−
√

5
2

��tYr�WYtYr6]�Z�_0N
d�NcrYNcd�Z j� rm� W�R8T � y Ugb�_YR8T\Ncx[b']�b�r�Z[r�Rl�\NV�\]�R y W�R8T\]�b'rF]�Z+�\]\t�_0Ngb'd�Z�NcU1UcNcd�Nc]�R ~

lim
x→1+

√

x + 1

x2(x − 1)

x(x2 + x − 1)

(x + 1)2
= +∞

z tYNcr�_0N�Ugb�s"tYrYulNVZ[r�R f(x)
iLb�]�b'rYa5R8rYu�b�x5R8T\]\NVh b'UVR�Ncr�� jP
T�Rl��h8Ncr�_0Ngb'd�Z�UVZ���]\t�_0NVZ�_YR8UcUgb�_YR8T\Ncx[b']�b���RlhlZ[r�_�b j
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