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o(xm) h

ikj*l7m�jVn9o�prq#s�tku@v
o(xn) + o(xn) = o(xn) ∀n w

x v
λo(xn) = o(λxn) = o(xn) w

y v
o(xm) + o(xn) = o(xγ)

aGSrz�\
γ = min{m,n} w

{>v
o(xn)o(xm) = o(xn+m) w

| v~}%\
m > n � N���P�M��'\ xm = o(xn) w

� v o(xm)
xn = o(xm−n) wT�`� p[pro>���Ln9l7��o'� I'SVI � N���S ��� SVI'S � \OR.�GXbN���MrP0U�\.\ � �GU�\ ���

� NYSVIGN�aG\OX�]^Nb��S o(xm)
o(xn) h#� \ � N�f�NbKGIGf�\�P#�LK'\ � ]WP�M[SVI'MOXbK � NYSVI'\�I'SVI � N���P�P0XYMOKGI�PNbI;_`SVU^R�P0�[NYSVI'\��G��\OU~MOKGN�S�gGN � SVf�I�P KG]^NbXbNb�[�@P0U�\�KGI�P0Xb]^U�S�R�\O]�S%aGS.SV�G�GKGU�\�\ � ]�\OI'aG\OU�\f�XbN � z>NbXbKG�G�GN�P ��SV]�\OIG�r\�R�P0f�f�NYSVU^N1v w

��v~}%\
m > 0

P0XbXYSVUWP � N���P [o(xn)]m = o(xn) w
� v

o[xn + o(xn)] = o(xn) w
� v

o(xn)xm = o(xm+n) w
ur��v

o(o(xn)) = o(xn) w
� l7�+���Ln9l7��o�s�t � P�v�};P0�G�GNQP0R�S�M��'\ sinx =

∑∞
k=0(−1)k x2k+1

(2k+1)! h a;N��>K'\ � ]WP g�P � ]WP�GU�\OI'aG\OU�\�f�XbN;\OXY\OR�\OIL]^N;�'I'S P0XbXdc¡SVU�a;NbI'\ y \[a \OXY\OzVP0]�\¢NbX%]^KG]^]�S P0XbXQP�]�\OU^�@P
M[SVI � NYaG\OUWP0I �aGS � \OR.�GU�\�NbX�_dP0]^]�S.M��'\ � N�aG\Oz�\£P0U^U^NbzVP0U�\kP0XbXdc¡SVU�a;NbI'\ | h
sin3 x = (x − x3

3!
)3 +

SVU�a;NbI'\ � KG��\OU^NYSVU�\ ... = x3 − x5

2
+ o(x5)

u



� g7v���SVNYMW��� ex =
∑∞

k=0
xk

k!

� � \Of�K'\�MW�'\

(ex − 1)2 = (x +
x2

2
+

x3

6
+ o(x3))2 = x2 + x3 +

7

12
x4 +

x5

6
+ o(x5)

� M@v���P0XYM[SVXbNQP0R�S�XYS � z>NbXbKG�G��S�a;N�� P	�%XYSVU a;N f(x) = arctan x � _9U^KG]^]WP0I'aGS�XY\aG\OU^Nbz�P0]�\��'S ��� NQP�M[SVI<XQP�aG\/�'IGNb�[NYSVI'\ h
f(0) = 0, f ′(x) =

1

1 + x2
=⇒ f ′(0) = 1, f ′′(x) = −2x(1+x2)−2 =⇒ f ′′(0) = 0

f ′′′(x) = 4x(1 + x2)−3 − 2(1 + x2)−2 =⇒ f ′′′(0) = −2,

f iv = −24x2(1 + x2)−4 + 4(1 + x2)−3 + 8x(1 + x2)−3 =⇒ f iv(0) = 4,

fv = 96x2(1+x2)−5−48x(1+x2)−4−24x(1+x2)−4−24x(1+x2)−3+8(1+x2)−3

=⇒ f(0) = −24.

�P�MON���M[SVI � NYaG\OUWP0I'aGS�XQP£_`SVU^RkKGXQP�a;N
� P	�%XYSVU � N���P�MW�'\ h

arctan x = x − x3

3
+

x5

5
+ o(x5)

� l7�+���Ln9l7��o���t � N1v limx→0
1−cos x+ln cos x

x4 h }%MOU^Nbz>NQP0R�S f�XbN � z>NbXbKG�G�GN a;N�� P	�%XYSVUkM[SVXU�\ � ]�S.a;N���\rP0I'S aG\OXbXY\ _+KGIG�[NYSVIGNZM��'\�MON � \OU^z�SVI'S h
cos x = 1 − x2

2
+

x4

24
+ o(x5) ln(1 + y) = y − y2

2
+ o(x2)

� SVNYM����.P0gGgGNQP0R�S
ln cosx

P0XbXYSVUWP�aGSVgGgGNQP0R�S���SVU^U�\
1 + y = cos x = −x2

2 + x4

24 +
o(x5) w�� I'a'P0I'aGS P � S � ]^Nb]^KGNbU�\�f�XbN � z%NbXbKG�G�GN�I'\OX�XbNbR.Nb]�\£P0gGgGNQP0R�S�M��'\ h

lim
x→0

1 − cos x + ln cos x

x4
= lim

x→0

1 − 1 + x2

2 − x4

24 + o(x5) − 1
2x2 − 1

12x4 + o(x4)

x4
=

= lim
x→0

−1
8x4 + o(x4)

x4
= −1

8

� NbN1v~}%MOU^Nbz>NQP0R�S�f�XbN � z%NbXbKG�G�GNZa;N���P��>XYSVU M[SVX�U�\ � ]�S.a;N�� \rP0I'S�aG\OXbXY\�_9KGIG�[NYSVIGN M��'\MON � \OU^z�SVI'S h
cos x5 = 1 − x10

2
+ o(x10) cos

x√
3

= 1 − x2

6
+

x4

216
+ o(x5)

sinx = x − x3

3!
+

x5

5!
+ o(x6)

� I'a'P0I'aGS�P � S � ]^Nb]^KGNbU�\�NbX�]^KG]^]�S.I'\OX�aG\OI'SVR.NbI�P0]�SVU�\ SV]^]�\OIGNQP0R�S h
(sinx − x cos

x√
3
)2 =

1

2702
x10 + o(x10)

x



� KGNbI'a;NZNbX�XbNbR.Nb]�\ � P0U�� h
lim
x→0

1 − cos x5

(sinx − x cos x√
3
)2

= lim
x→0

x10

2 + o(x10)
x10

2702 + o(x10)
=

2702

2
= 36450

� NbNbN1v�}%MOU^Nbz%NQP0R�S f�XbN � z>NbXbKG�G�GN�a;N ��P��>XYSVU~M[SVX�U�\ � ]�S�a;N ��\rP0I'S.aG\OXbXY\
_+KGIG�[NYSVIGN�M��'\MON � \OU^z�SVI'S h
sinx2 = x2 − x6

3!
+ o(x6), sin2 x = x2 +

x4

3
+

2

45
x6 + o(x6)

cos x2 = 1 − x4

2
+

x6

24
+ o(x6)

� UWP�XQP[z�SVU^NQP0R�S � KGX�XbNbR.Nb]�\ h
lim
x→0

x2 sinx2 − sin2 x

sinx2 − tanx2
= lim

x→0
x2 cos x2 sinx2 − sin2 x

sinx2(cos x2 − 1)
}%S � ]^Nb]^K'\OI'aGS f�XbN � z%NbXbKG�G�GN;a;N � P	�%XYSVU P0X;aG\OI'SVR.NbI�P0]�SVU�\�M��'\~P0gGgGNQP0R�S I'\OXGXbNbR.Nb]�\]^U�S@z>NQP0R�S�MW�'\

sinx2(cos x2 − 1) = −x6

2 + o(x6)
�;�>KGNbI'a;N�P0X�ILKGR�\OUWP0]�SVU�\�g�P � ]�\OU��P0U^U^Nbz�P0U�\kP0X�f�UWPVaGS � h

x2 cos x2(sinx2−sin2 x) = x2(1− x4

2
+

x6

24
+o(x6))(x2− x6

6
+o(x6)−x2+

x4

3
−

− 2

45
x6 + o(x6)) =

x6

3
+ o(x6)

�C\O]^]�\OI'aGS.NbX�]^KG]^]�S�I'\OX�XbNbR.Nb]�\�NbIGNb�[NQP0XY\ � N���P h
lim
x→0

x2 sinx2 − sin2 x

sinx2 − tanx2
= lim

x→0
x2 cos x2 sinx2 − sin2 x

sinx2(cos x2 − 1)
=

= lim
x→0

x6

3 + o(x6)

−x6

2 + o(x6)
= −2

3

� NbzGv�}%MOU^Nbz%NQP0R�S£f�XbN � z%NbXbKG�G�GN�a;N ��P	�%XYSVU~M[SVX�U�\ � ]�S�a;N ��\rP0I'S.aG\OXbXY\
_+KGIG�[NYSVIGN�M��'\MON � \OU^z�SVI'S h
arctan x = x− x3

3
+ o(x3) 2x = 1 + (ln 2)x +

(ln 2)2

2
x2 +

(ln 2)3

3!
x3 + o(x3)

4x = 22x = 1 + (2 ln 2)x +
(2 ln 2)2

2
x2 +

(2 ln 2)3

3!
x3 + o(x3)

��SVI � NYaG\OU^NQP0R�S�NbIGI�P0IG�[N%]^KG]^]�S�NbX>aG\OI'SVR.NbI�P0]�SVU�\ h x−arctanx = x−x+ x3

3 +o(x3)
�

��\OUkMOKGN��LK�P0I'aGS MrP0XYM[SVXbNQP0R�S�XYS � z>NbXbKG�G��S<a;N � P	�%XYSVU aG\OX ILKGR�\OUWP0]�SVU�\ aGSVgGgGNQP0R�SM[SVI � NYaG\OUWP0U�\�NbX�_dP0]^]�S.M��'\kMON � \OU^z�\kP0U^U^NbzVP0U�\��'I'S�P0XbXdc¡SVU�a;NbI'\ 3 h
x4x − 2x + 1 = x(1 − ln 2) + (2 ln 2 − (ln 2)2

2
)x2 + o(x2)

y



a'P�MOKGN � N�MrP0XYM[SVXQP h
x(x4x − 2x + 1)2 = (1 − ln 2)3x3 + o(x3)

��P0XYM[SVXbNQP0R�S SVUWP�NbX�XbNbR.Nb]�\ h
lim
x→0

x(x4x − 2x + 1)2

x − arctan x
= lim

x→0

(1 − ln 2)3x3 + o(x3)
x3

3 + o(x3)
= 3(1 − ln 2)2

� l7�+���Ln9l7��o���t � N1v��ZP�_9KGIG�[NYSVI'\�NbIL]�\Of�UWP0I'a'P��~M[SVI>]^NbILK�P \ ��S � Nb]^NbzVP�I'\OXbXdc NbIL]�\OU^z�P0XbXYS
(2,∞)

�'gGN � SVf�I�P��LKGNbI'a;N�P0I�P0XbNb�[�@P0U�\kXQP�M[SVILz�\OU^f�\OIG�@P�aG\OXbXdc NbIL]�\Of�UWP0XY\£NbI<KGI3NbIL]�SVU^I'SaG\ � ]^U�S a;N x \ NbI#KGI NbI>]�SVU^I'SCa;N ∞ w }>N¢��P �LKGNbI'a;N ∫ ∞
2

1
x
√

x−2
=

∫ ∞
c

1
x
√

x−2
+

∫ c
2

1
x
√

x−2
� M[SVI c ∈ (2,∞) w}>]^K'a;NQP0R�S XQP M[SVI>z�\OU^f�\OIG�@P�aG\OX �GU^NbR�S NbIL]�\Of�UWP0XY\ h M[SVI � NYaG\OU^NQP0R�S XQP<_+KGIG�[NYSVI'\3a;NM[SVI;_+U�SVIL]�S 1

x

��\OU
x → +∞ h

lim
x→+∞

1
x
√

x−2

( 1
x)α

= lim
x→+∞

√

x2(α−1)

x − 2

� \OU�M���� �>K'\ � ]�S£XbNbR.Nb]�\ � NQP��'IGNb]�S£\
a;Nbz�\OU � S a'P��r\OU�S � N7aG\Oz�\ P[z�\OU�\ M��'\ 2α− 2 = 1 wS �W� NQP α = 3
2

�GM��'\��
> 1

�G�LKGNbI'a;N�NbX��GU^NbR�S�NbIL]�\Of�UWP0XY\���M[SVILz�\OU^f�\OIL]�\£NbI
[c,+∞) w

� I�P0XbNb�[�[NQP0R�S NbX � \[M[SVI'aGS NbIL]�\Of�UWP0XY\ h U^N � KGXb]WP 1
x
√

x−2
≤ 1√

x−2
h Xdc NbI>]�\Of�UWP0XY\ a;N�>K'\ � ]rc KGXb]^NbR�P£_+KGIG�[NYSVI'\ M[SVILz�\OU^f�\��'�>KGNbI'a;N�M[SVILz�\OU^f�\�P0I'MW�'\ NbX � \[M[SVI'aGS�NbIL]�\Of�UWP0XY\�\M[S �
	 P0I'M��'\k�>K'\OXbXYS�a;N���P0U^]�\OIG�@P w

� NbN1v^}>N%��S ��� SVI'S M[SVI � NYaG\OUWP0U�\�f�XbN � z%NbXbKG�G�GNGa;N � P	�%XYSVU aG\OXbXY\¢_9KGIG�[NYSVIGN tgx
\

ln(1+
3
√

x2)
� �'I'S�P0X7�GU^NbR�S�SVU�a;NbI'\�MONYS �

tgx = x + o(x2)
\

ln(1 +
3
√

x2) =
3
√

x2 + o(1) h
� S � ]^Nb]^K'\OI'a;XbN�I'\OXbXdc NbIL]�\Of�UWP0XY\ SV]^]�\OIGNQP0R�S h

∫ e/2

0

1
3
√

x
dx
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