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HJI6KMLONQPSRQIUT.PVNQNXWZY.[;\;R]IAL_^/RQ`;[7P

aJIXK;KbPSRQPUc]dXRQefNQNQP;gChXi.PVcQjX`7KF\;`FLVKbebNlknmoPSRZprq�I6RsLV\;cAhOgutrebd6NsPVRwvxeb[;jXy7`;RQzxIJ{|eb}&~;LVe�K
inLOq;RsLV[7P>��RQebq;RQI6[;\;PS[;P1`7[nd6PS[;d6I6NQNQP.�_PSKfNsP(LOc]NsRQLONQNQP1d�~;I�mo`xe�[uNsR]P�\;PONQNsP/\FLJ�7W���W�{�LAk
[;IXK��$�S�S�����C�B�1�������>�F�)�OW
vxKbeSPSqCIXRsLO\;c�mo`7RQPS[;PJPSR]e�zSeb[FLVRQe�LV�_IX[uNsI�e�[uNsR]P�\7PVNQNQeS\FLr{|L$kxd6PS�_IZ`7[;P.c�NsR]`;��I6[uNsPJ\FL
`7NsebK�e�j6jALVR]I.[7IXK�K�LxNQIXPSR]eMLn\;IXKbK�I�PV��PVNQPSq;ebIJI.e�[�q;LVR]NQe�dXPVKMLVR]IJqCIXR/c]Ns`7\;eMLVR]I�zSKbe3cQqFLVj6e"\;e
dALVq;q7e,�7K�LnNQIXPSR]eMLx\;IXzSKbe�PVq�I6RsLV\;c ~FL¡qCIXR]¢£RQI6dXIX[uNQIX�_IX[uNsIxLA�&`7NsP¤[�`;P$�VIULVq;q;Kbe�dXLVjXebPS[;e
[;IXKbKML¡NsI6PSRQe�L£\;IXKbK�IrdXLONsI6zSPSR]e�IVg7[;IXKbK,¥¦LVK�zSI6y;RsL§PS��PVK�PSzSebdAL7g�[;I6K�K�L£zSIXPS�_I6NQRQe�L£LVK�zVIXy;R]e�dAL
I�[;I6K�KMLU¨Fc]e�dALn�EL©NsIX��LONQe�dAL�W«ª�d6PSqCP¡\;eC¬�`;IXc�N�L§NQIXcQeC­�¬�`;I6K�KbP§\;eC\;I6cQdXR]eb�VIXRQI�K�I®q;RQeb��I
e�c]NsLV[;j6In\7e¯¬&`7IXc]NQe�PSzSzSI°NQNseBW

±lK�[;PS�_IxhAprq�I6RsLV\¯h I1KML�\7I6¨F[;ebjXebPS[;I(PSR]e�zSeb[FLVKbIZd6PS�_qFLVR]�VIXR]PUq�I6R�KML�q;R]e���LJ�VPSKbNsL
e�[²h°³1~;I´vUIXPS�_I6NQR]kµPVmr±¶NsIXRQLONsI6\¸·¯P�PVq¹ª�q;LVdXISh»ºf�$�©¼J\;er�7W¦�)W�{�LAk=[;IXKn�$�u�V½�g/��L
LVK�d6`;[;eULV[7[;erq;R]e���L8^/PSR]\;�ELO[¸I¾twPSzVN¿\;I6cQdXR]e�c]cQIXR]P=KbPÀc]NQIXcQc]P=d6PS[;d6I6NQNQPµcQPVN]NsPµe�K
[;PS�_I|\;eU¥ÁdAL©NsIXzVPSRQebIÂ\7eJPVq�I6RsLONQPSRQe1[;I6K�K�L´moPVRQ��LÃc�N�LV[7\FLVRQ\"¥bg(ebcQq;ebRsLONQe®LVe®��RQPSq7cEÄ
�5LVd°Nsc(\;I°¨F[;efNseC\FL¤ª�W�{�LVd�·�LO[;I�I.Y1\FLV�_c/[;I6K)�$�SÅV½Eº¦�©¼BWwÆ.[Ç��RQPVq�­�`;[;L¡dALONQIXzSPVRQeML
H

\;e5PVRQ\;eb[FLVK�e�d6PS[´e�[|q;e�È¾`7[FL�PSqCIXRsLOjXe�PV[;I¡\;e)q;RQP&\;PVN]NsP�I§`;[FL�\;e)q�I6RQ�£`�N�LVj6e�PS[;I
É ��RQPSqÂ­VgFeb[7m LON]Nse,g&K,¥¦LVy;y7RQI6�&e�LVjXebPS[;IU\;e¯�wH1pr\;`7d6N�LV[;\Â�)I6RQ�£`7NsLONsebPS[¿dALONQIXzSPVR]k7Ê°W

ÆJ[ËLOKbNsR]P8q;R]IX\;I6dXIXc]cQPSR]I�\7IXKrd6PS[;dXI°NQNQPÌ\7erPSqCIXRsLO\�­´Y.RQ[;PVK�\¸d�~;IOg�e�[7cQe�I6��I�L
i.PSKb��PSzVPSRQPVÍ)g"[7IXK(�$�SÅV½Çq;RQP$�S¢7g¯e�[ÃdXPS[7[;IXc]cQe�PV[;I�dXPS[Ãe�K)NsRQI6\;e�d6IXc]e��_P�q;RQPVy;K�I6�EL�\;e
Î.e�Kby�I6R]NEÏ�gZd�~7IÂPVzS[;e/mo`;[7jXe�PV[;IÇdXPS[uNQe�[�`FL´e�[

n ≥ 3
�OLVRQe�LVy;e�Kbewq;`;¢ÃIXc]cQIXR]I|c]dXR]ebNQNsL

dXPS�_I.c]`;qCIXRQqCPSc]e�jXebPS[;IJ\;e3mo`;[;jXebPS[;e3dXPV[�NQe�[�`;I.e�[_`;[FL¡P§\;`;I.�OLVR]eMLVy7e�K�eBW�a.I6K�KMLxcQI6dXPS[&Ð
\FL��_I6NsÑÒ\;I6zSK�e®LO[;[;eU¥�ÅV½�LO[;d�~;I¾·�LVjXLVRQ\Ìe�[uNQRQP&\;`;cQc]I�[;I6K®cQ`;P�c]Ns`7\;e�PÒcQ`;e®zSR]`;q;q;e
moPSRQ��LVK�eCe�KCdXPV[;dXI°NQNsP_\;eÓPVq�I6RsLV\Óg�P�q;e�ÈÇq;R]IXd6e�csLO��I6[�NQIU\;eÓc]e�c]NQIX�_e"\;e"dXPS�_q�PVcQe�j6e�PS[7IVW
HJI6dXIX[uNQIX�_IX[uNsI(c]e�­ eb[;e�j6eMLONQP®LJc]e�c]NQIX��LONsebjXjXLVRQIwKML(NQIXPSR]eML®\;IXzSKbeuPSqCIXRsLO\;c É �SI6\;eÓhXpUqCI°Ð
RsLV\;cne�[ÃY.K�zSI6y;RsL7g�³�PSqCPSK�PSzOk´LV[;\»��~;e�c�k�d6c$h�\;eZª�W�ª�~;[;eb\;IXR6g«�7W�ª&N�LOcQ~;I°Í5g«{�W�{|LVRQ}�K,g
cQdXR]ebN]NsP�IxdXPSR]RQI6N]NsP_[;IXK¯zVe�`;zS[7P¤\;IXK��V½V½S½uÊ°W

·�L�qFLVRQPVKML¤PSqCIXRsLO\�c]NsL�qCIXR�pU�ZÔwHJLONsPVRQIxI§�_PS[;Y�T�Ind�~;I¡c]PS[;PEe�\;`7I§d6PS[;dXI°NQNQe
d�~;I§I6cQc]PERsLOdXd�~;eb`;\;IVW
TrLÀ`;[@q;`;[uNsPÀ\;e.��ebc]NsLÀLVK�zSI6y;RQebdXP;g1d�~7I´­´¬&`7IXK�KbP8d�~;IÃ[;PSe�LVq;q;R]PVmoPS[;\7e�RQI6��P7g1`;[
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�	��.d�~;I�moPSR]�ELVKbe�j6jALV[;P�\;I6NQIXR]��eb[FLONsI¡q;RQPSq7RQe�I°N�ÑÇ\;e«`7[FL
dXKMLOcQcQI�\;eCmo`7[;jXebPS[;e

Xn −→ X
g�c]`�`;[�d6IXR�NsP£eb[;cQebIX�_I

X
q�I6R/PSzS[7e

n = 1, 2, ...,
d�~;I

q�PSc]cQebIX\;I¤`;["¥�LVj6e�PS[7I£\;IXK5zSRQ`;q7q�PÇc]e��_��I°NsRQebdXP_cQ`;KbK�I¡�OLVR]eMLVy7e�K�eBgF`;[´IXKbIX�_IX[uNsPÇ`7[;ebNsÑ
In\7IXK�KbIUPSqCIXRsLOjXe�PV[;IU[�Ð LORQe�I�d�~;I§c]P�\7\;e�c�m LV[;P�\;I6NQIXR]��eb[FLONse"LVcQc]e�PS�_e,W

{�LAkÒ\;I°¨F[;e�c]dXI�KML|dXLONsI6zSPSR]eML¿\;IXzSKbe�PSqCIXRsLO\;c¡d6PS��I_`;[FLÂcQPVN]NsPOÐ¶dALONQIXzSPVRQeML¿\;I6K�KML
dALONQIXzSPSR]eML¡\7IXe"mo`;[uNQPSRQeÓd6PS[uNsR]P>�OLVR]eMLV[uNQe"\FLVKbKMLndALONQIXzSPSR]eML

S̃
É dXLONsI6zSPSRQe�L¡d�~;IU~FL£d6PS�_I

IXK�I6��I6[uNse(zSKbe/eb[;cQebIX�_e \;I6K(Nsebq�P
[n] = {1, ..., n} ∀n ∈ N

IÇqCIXR¤�_PSR]¨Fc]��e K�I�y7efÐ
e�IXj6e�PS[7eíÊ(LV\|`;[FL�dXLONsI6zSPSR]eML¤cQeb���_I6NQRQe�dXL¤��PS[7PSe�\FLOK�I

C
��d6PScQebdXd�~;­§e�[Âq;RQeb�EL�LV[;LVK�ebcQe

`;[ÇPSqCIXRsLO\EdXPV[;cQebc]NsI�\;e�`7[�PSzSzSI°NQNQP
C(n)

\;e
C

d6PS[�`;["¥�LVj6e�PS[7I.\;e
Σn

c]`
C(n)

q�I6R
PSzS[;e

n
W

ÆJ[ÒI6cQI6��q;ebP¿\;e«PSqCIXRQLV\Ã­_KB¥¦PVq�I6RsLV\´\;I6K�KbI¡mo`;[;j6e�PS[;e5dXPS[uNseb[�`;I�e�[´dX`7e
X

­¤`7[;P
cQqFLVj6e�PÂNsPSqCPSK�PVzSe�d6P;g¯KML¿dALONQIXzSPVRQeML

C
­E¬�`;I6K�KML¿\;I6zSK�ewcQq;LVjXew�SI°NQNsPVRQeMLOK�e�I

P (n)
­�KbP

cQqFLVj6e�PÇ\;I6K�KbI§mo`;[;j6e�PS[7e5dXPV[�NQe�[�`;I
f : Xn −→ X

\;PON�LONQP�\;IXKbK�I§cQIXzV`;IX[uNse���LVq;qCI
γd�~;I§\7I6¨F[;ebcQd6PS[;P_KML£cQ`7q�I6RQqCPScQebjXe�PV[;Ix\;e"�OLVRQe�LVy;ebK�e,�

γa1,...,an
: P (n) × P (a1) × · · · × P (an) → P (a1 + · · · + an)

f ◦ g1 ◦ · · · ◦ gn 7→ f(g1, ..., gn)\;P$�SI
f

­�`;[;L=mo`;[;j6e�PS[;IÒ\;e
n

�VLORQeMLOy;e�Kbe,g
gi

­»`;[;LÌmo`;[;j6e�PS[7I»\;e
ai

�OLVR]eMLVy;ebK�e.I
f(g1, ..., gn)

­Umo`;[7jXe�PV[;IU\;e ∑
i ai

�VLORQeMLOy;e�Kbe,W

vUK�e&PSqCIXRsLO\;c�\;e;��LVzSzSebPSRQIZe�[uNQIXRQI6cQc]IJc]PS[;Px¬�`;IXKbK�e�K�e�[7IALVR]e,g©\;I6¨F[7ebNse7dXPS[;c]e�\;I6RsLV[7\;P
dXPS�_I§dXLONsI6zSPSR]eML�cQe��_�_I6NsR]e�dXL�I§��PV[;PSe�\;LVK�IUK�L_dXLONsI6zSPSRQe�L_\7IXzSKbe¯cQqFLVj6e)�VI6NQNQPSRQe�LVK�e¯c]`
`;[|dXLV�_q�P

k
W

ÆJ[¡PSqCIXRQLV\
P k

ÐlKbe�[;IXLVRQI�­Z`;[FLJdXPSKbK�IXj6e�PS[7I
{P (n), n ≥ 1}

\;e
k
Ð¶cQqFLOjXe��SI6N]NsPSR]eMLVKbe

dXPS[Âe¯cQI6zS`;IX[uNQe�\;LONseB�
�SW1`;[Ó¥¦LVjXebPS[;Ix\;I6K¯zSRQ`;q7q�P�cQeb���_I6NQRQebdXP

Σn

c]`
P (n)

q�I6R®PSzS[;e
n;

��W1�ELOq;q�IUKbe�[;IXLVRQe É d�~;e�LV��LONsIUd6PS��qCPSc]e�jXebPS[;eMÊ

γm1,...,ml
: P (l) ⊗ P (m1) ⊗ · · · ⊗ P (ml) −→ P (m1 + · · · + ml)

É �>Ê
q�I6R®PSzS[;e

m1, ..., ml ≥ 1.

� W1`;[ÂIXK�I6��I6[uNsP
1 ∈ P (1),

d�~;e�LV�EL©NsP¤`;[;efN�Ñ7W
ª�e�RQebd�~;e�I6\;I¤e�[;PVKbNsR]I¡d�~;I�c]eMLV[;P¿c]P�\;\7e�c]m L©NQNse5LVcQc]e�PS�_e5\7ewLVcQc]P�d6eMLONQeb�&ebNsÑ7g"I6¬&`7eb�OLVRQe�LV[�Ð
jALÀI¾`;[;efN�Ñ7g®d�~;I´[7IXK�KB¥¦eb[uNsIXR]q;RQI°N�LVj6e�PS[7I�\;e.`;[@PSq�I6RsLV\¸d6PS�_I¾cQebc]NsI6�EL�\;er\FLONQe�\;e
PSq�I6RsLVj6e�PS[7e,g7zSLVRsLV[uNQe�cQd6PS[;P�K�IU[;LONs`;RQLVK�e�dXPS�_qFLONQe�y;ebK�efN�ÑUNsRsL¤I6cQcQIOW
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ÆJ[EIXc]IX�_q;e�Pn\;eCPSqCIXRsLO\�Kbe�[;IXLVRQI®­JK,¥ÁPSq�I6RsLV\_\;I6zSK�e3IX[7\;PS�_PSR]¨Fc]��eF\7e�`;[7P¡cQq;LVjXebP
�SI6N]NsPSR]eMLVKbI

V
dXPV[

EV (n) = Hom(V ⊗n, V )
dXPS[�KbI®dXPS�_q�PVcQe�j6e�PS[7e;I�KB¥�LVj6e�PS[7I1\;e

ΣncQ`
EV

\7I6¨F[;efNsIx[;I6K¯cQIXzV`;IX[uNsIn�_P�\;P7�

Σn ⊗ EV (n) −→ EV (n)

(σ, φ) 7−→ σ ◦ φ
dXPS[

σ(φ(x1 ⊗ · · · ⊗ xn)) = φ(xσ−1(1) ⊗ · · · ⊗ xσ−1(n))
W

·�Ix��LVq;qCIUdXPS�_qCPScQebjXe�PV[;IrcQPV[;P�KbIUcQI6zS`;IX[uNQe,�

γm1,...,mn
: EV (n) ⊗ EV (m1) ⊗ · · · ⊗ EV (mn) → EV (m1 + · · ·+ mn)

f ⊗ g1 ⊗ · · · ⊗ gn 7→ f(g1, . . . , gn).
Ôwc]cQI§cQP&\;\;e�c�m LV[;P¤zSKbe¯LVc]cQe�PV��e�\;e¯IX¬�`;ef�VLORQeMLO[;jAL7g;LVcQc]P�d6eMLONQeb�&ebNsÑ¡Ix`;[;ebNsÑ7W

� eb¢»d�~;I´­|`7NsebK�IÂIX\¸e�[uNQIXRQI6cQcQLV[uNsI´RQebzS`FLVR]\;P�LVzSK�e®PSqCIXRQLV\;c�c]PS[;P8KbI�KbPSRQP�RsLVq�Ð
q;RQI6cQIX[uNsLVjXebPS[;e,gF\7I6NQNQI
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ÆJ[ÃLVK�zSI6y;RsL�cQ`Ã`;[´PSqCIXRQLV\
P

­£`7[
k
Ðlc]qFLVjXebPE�SI°NQNQPSRQe�LVK�I

A
dXPS[´`;[Ã�_PSR]¨;cQ�_P

\;e¯PSqCIXRsLO\;cX�
f : P −→ EA\;P$�SI

EA

­|K,¥ÁPSqCIXRsLO\=\;I6zSK�e®I6[;\;PS�_PSR]¨;cQ�_eJ\7e
A

W:{ÂPSKbNQe1IXcQI6��q7e.eb��qCPSR]NsLV[uNse1\;e
c]NsR]`7NQNQ`;RQI§LVKbzSIXy;R]e�d�~;IUc]PS[;P_LVKbzSIXy;R]IUcQ`Â`;[ÂPSq�I6RsLV\"W

ª�e�d6PS[;cQeb\;IXR]e5LO\�IXc]IX�_q;e�P�K,¥ÁPSqCIXRsLO\
As

\;I6¨F[7ebNsPEL�qFLOR]NsebRQIn\FLVKbK,¥¦LVK�zSI6y;RsL£Kbe�yCIXRQL
LVcQc]P�d6eMLONQeb�OLÒzVIX[;I6RsLONsLÒ\FL

x1, ..., xn

�
As(x1, ..., xn)

q�I6R�PVzS[;e
n

W�ª&eML
As(n) ⊂

As(x1, ..., xn)
e�Krc]PVNQNQPScQqFLOjXe�PÌzSI6[;IXRQLONsP=\FLVeU�_PS[;PS�_erd�~;IÒdXPS[uNQIX[;zSPV[;P PSzV[;e

xiIXcsL©NQN�LO��I6[�NQIµ`;[FL¸�SPSKfN�L7W ·�L¸dXPVK�K�I6jXebPS[;I
As = {As(n)}

g£d6PS[�e�K£\FL©NsP@\;IXKbKML
RsLVq;q7RQIXc]IX[uN�LOjXe�PV[;I�RQI6zSPSK�LVRQI_\;e

Σn

g«qCIXR§PSzS[;e
n

g5moPVRQ��L|`;[8PVq�I6RsLV\8d�~7eMLV��LONsP�	
�� 

� 
�� 
 � ��	�����
�	 ����	©Wx·�LE��LVq;q;L�\;e5d6PS��qCPSc]e�jXebPS[;Inq;RQPVq;RQe�LE\;e«¬�`;I6c]NsP¿PSqCIXRQLV\´­£K�L

cQIXzV`;IX[uNsIO�

As(l) ⊗ As(m1) ⊗ · · · ⊗ As(ml) −→ As(m1 + · · · + ml)

\;I6¨F[7ebN�L_cQPSc�NsefNs`;I6[;\;PE[7IXK���PS[7PS��ebP
Ψ ∈ As(l)

e��_PS[;PV��e
Φ1 ∈ As(m1)

gbWfWbWfg
Φl ∈

As(ml)
LOK.qCPSc]NQP»\;I6e�zSI6[;IXRQLONsPVRQe

x1, ..., xl

W:ª&e.�_PSc]NQRsLÒd�~;I¾`;[FL
As

Ð LOK�zSI6y;RsLÃ­
`;[Ó¥¦LVK�zSI6y;RsL�LVc]cQP&dXe�LONsef�VL£[7IXK¯cQI6[;cQP�dXPS�¡`;[;Ix\;IXKÓNQIXR]��eb[;IVW

ª�I�`;[¿PSq�I6RsLV\Çc]e"\;I°¨F[;ebcQdXIUd6PS�_I�mo`;[uNsPSR]IUdXPS[Ç\7PS��eb[;e�PnKML§dALONQIXzSPSR]eML
S̃

g�cQeÓ`;cQL
IXc]NQIX[;\7IXRQ[7IJ[;LONs`;RQLVK��_IX[uNQI K�L�\;I6¨;[;e�j6e�PS[;I dXPS�_I mo`7[�NQPSRQI dXPS[¤\7PS��eb[;e�P®K�L�dALONQIXzSPVRQeML
Trees

\;I6zSK�e&LVKby�I6RQeBg©zVRsLO¨§¨F[;ebNQe,g©dXPS[7[;IXc]cQe7I cQI6[;jAL�d6e�d6K�e,�OdXeb¢.d6PS[;cQI6[uNsI1\FLJ`;[£KML©NsPJ\;e
`7NsebK�e�j6jALVR]Ir`;[ÂK�eb[;zS`FLVzVzSe�P§e�[uNs`;efNsef�SP¤IUdALOqFLVdXIn\;e¯R]IX[;\;I6RQIU�&e�c]e�y;ebK�eCK�IUPSqCIXRQLVjXebPS[;eÓ\;e
`;[£PSqCIXRQLV\ É LO\£IXc]IX�_q;e�P.dXPS�_q�PVcQe�j6e�PS[7eSI/d6PS[uNsRsLOjXe�PV[;eíÊ×gO\FL.`;[¤LVKfNsRQPJ\;e&I6�&e�\7IX[;j6eMLVR]I
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dXPS�_Ixe�K"Kbe�[;zV`FLVzSzSebP¡\;I6zSK�e"PSq�I6RsLV\7cJc]eML¤[FLONQ`;RsLOK�IUe�[Çd6PS[uNsI6c]Nse�d6PS�£y;eb[FLONsPVRQe,W
ª�eML

T
`;[£LVK�yCIXR]P�RQeb\;PVN]NsP�I/y�I6[£moPS[;\FLONQP É dXPS[�LVKb��I6[;P�\7`;I/moPSzSKbe�IwqCIXR)�VIXR�Nse�d6I(I(d6PS[

`;[´cQPSKbP�KML©NsP�`;c]dXI6[�NQI$Ê×W£ª�I
T = T (n)

qCPScQc]e�I6\;I
n

moPSzSKbe�Ix[�`;�_IXRsL©NsI£I£`7[¾�SIXR�NsebdXI
\;I6¨F[7eMLV�_P�K,¥ÁPSq�I6RsLV\Çc]`
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P̃ (T ) := P (n);
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T = T (m1, ..., mn)

~FL
m1 + · · ·+mn

moPSzSKbe�I(I
n

�SI6R]NQe�dXeFd6PS[_`;[FLx[&`7��I6RsLVj6e�PS[;I
\;IXKbK�IrmoPSzSKbe�I.IX[uNsRQLV[uNse�e�[¿dXe�LVcQd6`;[Ç�SI6R]NsebdXIOgC\7I6¨F[;e�LV�_P¤K,¥ÁPSq�I6RsLV\¿c]`
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P̃ (T ) := P (n) ⊗ P (m1) ⊗ · · · ⊗ P (mn).
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ª�e¯\;I6¨;[;e�c]dXI
P̃ (T ?i T ′) := P̃ (T ) ⊗ P̃ (T ′).

�)PSebd�~;­UPSzS[;e�LVKby�I6RQP¡c]e"PVN]NsebIX[;I.\FL¤LVK�yCIXR]e3\;IXKCNse�qCP
T (n)

�_IX\7eMLV[uNsI.e�[;[7IXc]NQe,g&cQe�q;`;¢
\;I6¨F[7e�RQI

P̃ (T )
qCIXR1PSzV[;e�LVK�yCIXR]P;W

ª�e�LÂPVRsL
v

e
−→ w

`;[»K�LONsPÂe�[uNQIXRQ[7P�\;e
T

W¿ª�eZdXPS[7cQe�\7IXRQewebK�[&`7P>�VP´LVKby�I6RQP
T/ePVNQNQIX[�`7NsPEdXPS[uNsRQLVIX[7\;PEebK�K�LONsP

e
eb[�`;[|q;`;[uNsP7W��U`7IXc]NQP�[�`;P$�SP�q7`;[uNsP�­n`;[|�VIXR�Nse�d6I

\;e
T/e

\7IX[;PVNsLONsP�dXPS[
< e >

I|¬�`;IXc�N�L»PSqCIXRQLVjXebPS[;IÂcsLVRQÑ�\;I°NQNsL»dXPS[uNQRsLVj6e�PS[;IÂI
e�[;\;ebdALONsL£dXPS[

◦e

W � PS[;cQeb\;IXRQLV[;\;P_d�~;InKML£��LVq;qFL

γm1,...,mn
: P (n) ⊗ P (m1) ⊗ · · · ⊗ P (mn) −→ P (m1 + · · · + mn)

cQe¯q;`;¢_e�[uNQIXRQq7RQI6NsLVRQIxd6PS��I

γm1,...,mn
: P̃ (T (m1, ..., mn)) −→ P̃ (T (n))

InqCPSebd�~;­
T (m1, ..., mn) −→ T (n)

­�`;[FL�dXPS�_q�PVcQe�j6e�PS[7IÇ\;e.d6PS[uNsRQLVjXebPS[;e®cQeJRQebdALA�OLV[;PÒ\FLVK�KbI¿�ELVq7q�I
γm1,...,mn

g(\;I6K�K�I
�ELVq7q�I

γ̃T,e : P (T ) −→ P (T/e).
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e�KVmo`;[uNQPSRQI

P
\7I6¨F[;ebcQd6IZ`7[nmo`;[uNQPSRQIw\FLVKbKML/dXLONsI6zSPSR]eML(\;I6zSK�eVLVK�yCIXR]euL1¬&`7IXK�K�L(\;IXzVK�eVc]qFLVj6e

�SI6N]NsPSR]eMLVKbe,�
P̃ : Trees −→ V ect

T 7→ P̃ (T ).
ª�e)[7PVNse�d�~;I§zSK�e�LVc]cQebPS��e¯\7e5LVc]cQP&dXe�LONsef��efN�Ñ¤cQPV[;PEI6¬&`7eb�OLVK�I6[uNse�LVK¯m LONQNQPEd�~;I§KML�cQd6PS��Ð
q�PSc]e�j6e�PS[;IU\7e

γm1,...,mn
: P̃ (T (m1, ..., mn)) −→ P̃ (T (n))

cQIXd6PS[;\;P�dXPS[uNQRsLVj6e�PS[;e"e�[uNsI6RQ�_IX\;ebIU[;PS[¿\;e�qCIX[7\;Ix\FLVK�KB¥¦PVRQ\;eb[;I�\;e¯c]dXPS�_qCPScQebjXe�PV[;IVW
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cQPSzSzVI6NQNQI/L1R]IXKMLOjXe�PV[;eSd�~;IZdXPSeb[u�SPSKbzSPS[;P1c]PSK�P1NsR]IZLVRQzSPV��I6[�NQe,W�Æ.[nPSqCIXRQLV\§¬�`FLO\;RsLONQe�d6P
P

c]e�c]dXRQef�SI
P (K, E, R)

eb[;\;e�dXLV[;\;PndXPV[
K

`;[Ó¥¦LVK�zSI6y;RsLncQI6��ebcQIX�_q;Kbe�dXIOg�dXPS[
E
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cQqFLVj6e�P�\;e¯zSI6[;IXRQLONsPVRQe¯IxdXPS[
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K�P¤cQq;LVjXebP�\;I6K�KbIrRQI6KMLVj6e�PS[7e,W
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I6�&e�\;I6[;jAL§q�I6R/KMLx¬�`FLV\;RQLONsebdXefN�Ñx\;IXKbK,¥ÁPSq�I6RsLV\_\;I6K�K�I®mo`;[;j6e�PS[7eCd6PS[uNseb[&`7IVW É aJPS[E­.[;PVNQP
cQInK�IURQI6KMLVj6e�PS[7e"cQe�LV[;P¤NsI6RQ[FLORQe�IOW�Ê

vUK�e«PVq�I6RsLV\;c
Com

g
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I
Lie

g5zSI6[;IXRQLONse�\;LVK�KbI�LVK�zSI6y;RQI�q;ebÈ�[7PVNsI É R]e�c]q�I°NQNsef�OL©Ð
��I6[�NQI � PS���¡`7N�LONQeb�OL7g�Y�cQc]P�d6eMLONQeb�OL7g�\;e�·¯e�IxÊ×gFcQPS[;P_¬�`FLV\;RQLONsebdXeBW
Y1\ÂI6cQI6��q;ebP£K,¥ÁPSqCIXRQLV\
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­�zSIX[;I6RsLONQP¤e�[�zVRsLV\;P¤� É dXebP�­J`;[Ó¥¦LVKbzSIXy;RQL¡cQ`7K�K,¥ÁPSqCIXRQLV\

Com
~FL£`;[Ó¥ÁPSqCIXRsLOjXe�PV[;IUy;e�[;LVRQe�LuÊwIUKbP£cQq;LVjXebP¤\;IXKbK�Irc]`;IURQI6KMLVj6e�PS[;e É d�~7IUe��_q;K�ebdALV[;P
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d�~;Ixd6PSe�[u�SPVK�zSIUc]PSK�P¤NsR]InLVRQzSPV��I6[�NQe,W

TrL©NsP�`;[ÂPSq�I6RsLV\¿­xqCPScQc]e�y;ebK�IULVc]cQP&dXe�LVRQzSKbe"\;`7InPVq�I6RsLV\;c6W

•
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P (K, E, R)
`;[xPSqCIXRQLV\x¬&`;LV\;RsL©Nse�d6P;g$cQeV\;I6¨F[7e�cQd6IZLVK�KbPSRsLZe�K ��� 
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P ! = P (Kop, E∨, R⊥)
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•
ª�e�L

P
`;[n\;zOÐ¶PSq�I6RsLV\xLO���_e�c]cQe�y7e�K�I�c]eS\;I6¨;[;e�c]dXIwe�KOcQ`;PJ\;`FLVKbI«PSqCIXRQLV\;e�d6P

D(P )
W

ÆJ[FL¾dXK�LVcQc]IÂ\7e(PSqCIXRsLO\;c¤e��_q�PVR]N�LO[�NQIE­Ç¬�`;I6K�KML|q�I6R¤dX`;e(KbI�\;`;I¿\;I°¨F[;ebjXe�PV[;e/\;e
\;`FLVKbI É

P !, D(P )
Ê�d6PSe�[7dXe�\7PS[;P;W)Ô�cQcsLU­1\FL©N�Lr\FLVKbKML�d6KMLVc]cQI ��
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e�[uNsR]P�\;PONQN�LUIJc]NQ`;\;eML©N�Lx\FL¡vUe�[7jXy;`;R]zxI�ixLVq;RQLV[;P$�C�7Lx¬�`;IXc�N�L¡d6KMLVc]cQIJLVq;q;LVR]NQIX[;zSPV[;P
As, Com, Lie.·�LxRsLOzSe�PS[7I1q�I6R�dX`;e3¬�`;IXc�Nse3PSqCIXRQLV\;cwcQe3d�~;e�LV�ELO[;PU\;e3i.PVcQjX`7KC­®d�~;IJK�I®LOK�zSI6y;RQI®cQ`7zSK�e
PSq�I6RsLV\7c£\;e(iJPScQj6`;K(c]PS[;P´q;R]PSq;RQebP�KbIÇLVK�zVIXy;R]IE\;e/i.PSc]jX`;K cQIXd6PS[;\;PÃK�L�\;I6¨;[;e�j6e�PS[;I
PSRQebzSe�[FLORQeMLn\;e���RQeb\;\7kSW
�wR]e�\;\�kre�[uNQRQP&\;`;cQc]I�[;IXKF�A�u�V½/ebKVdXPV[;dXI°NQNsPJ\;euLOK�zSI6y;RsL/¬�`FLO\;RsLONQe�dXL7g>LVK�zVIXy;RQL(¬&`7PSjXebIX[uNsI
\;IXKbK,¥¦LVK�zSI6y;RsL¡NQIX[;c]PSRQe�LVK�I�RQe�c]q�I°NQNQP�LO\Â`7[|eb\;IALVKbIr¬�`FLV\;RQLONsebdXP�PS�_PSzSI6[;IXP;W
Y1\�`;[Ó¥¦LVK�zVIXy;RQLn¬�`FLV\7RsLONQe�dALn­.qCPSc]cQe�y7e�K�IJLVc]cQP&dXe�LVRQIJ`;[Ó¥¦LVK�zVIXy;RQLn\;`;LVK�I

A⊥ IrLV\�IXcQc]I
cQe�LVc]cQP&dXeML¤ebKÓdXPS�_q;KbIXcQc]P;�

P (A) : A → A ⊗k V ∗ → A ⊗k A⊥
2 → · · · → A ⊗k A⊥

d → · · ·
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d�~;IxdXPSeb[;dXeb\;IrdXPV[Çe�K"d6PS�_q;K�I6cQcQP¤\7e¯i.PSc]jX`;K"cQIxK,¥¦LVK�zVIXy;RQL
A

­rKB¥�LVKbzSIXy7RsL¡c]e��_��I°NsRQebdAL
S(V )

g;IXc]cQIX[7\;PEeb[Â¬�`;I6c]NQPEdALOcQP
A⊥ =

∧
V ∗.ÆJ[Ó¥�LOK�zSI6y;RsLU¬�`FLV\;RQLONsebdALU­J`;[Ó¥�
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���� 
 ��� � 	 ��� � �"c]I.I®c]PSK�PxcQIJe�K7cQ`;P§dXPS�_q;K�I6cQc]P
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�)IXR¡`;[8PSqCIXRQLV\»¬�`FLV\7RsLONQe�dXP7g)N�LOK�I_d�~;I�`;[Ó¥¦LVKbzSIXy;RQL|c]`

P
­E¬�`FLV\;RQLONsebdAL7g)K,¥ÁPSqCIXRsLO\

P ! ­�\;I6¨F[7ebNsP¤eb[��_P�\;PnN�LVKbI�d�~;IUKB¥�LOK�zSI6y;RsLx¬�`FLV\;RQLONsebdAL£\;`FLOK�I�[7IXK"c]IX[;c]P�\;eÓ��RQeb\;\7k
cQeML£`7[FL

P ! Ð LVKbzSIXy;RQL7�7qCIXR(NsLVK�eCPSqCIXRQLV\;c1­UqCPScQc]e�y;ebK�I�\7`;[;¬�`;Ix\;I6¨;[;e�R]IU`;[¿PSq�I6RsLV\¿\;e
\;zOÐlc]qFLVj6eÓ�SI6N]NsPSR]eMLVKbe"d�~;In­xKML£\;ebRQI°NQN�L¤zSI6[;IXRQLVK�ebjXjXLVjXebPS[;Ir\;I6K¯dXPS�_q;KbIXcQc]P�\;e�i.PSc]jX`;KBW
vxKbeÓPSqCIXRsLO\;c1\;e�i.PVcQjX`7K�c]PS[;P�¬�`;IXKbK�eÓqCIXR®d6`;eÓN�LVKbIUdXPS�_q;KbIXcQc]P�\;e�i.PSc]jX`;K¯­xI6csLON]NsP;W
Ôwc]cQe�cQPS[;P¡\;e�[7PVNsI°�SPSKbI�e��_qCPSR]NsLV[;jALxqCIXRQd�~7­rq�PVcQcQI6zSzSPS[7P¡�_PSKbNQIJq7RQPSq;R]e�I°N�Ñ§eb[uNsIXR]IXc Ð
csLV[uNse¯NQRsL�dX`;e�LV\ÂIXc]IX�_q;e�P_KML¤qCPScQc]e�y;ebK�ebNsÑ¡\;e�dALOK�dXPVKMLVR]IUzSK�eÓeb[u�VLORQeMLO[�NQeÓPS�_PSK�PVzSe�d6e�eb[
��P&\;P�IXKbIX�_IX[uN�LVR]IVW
a.PS[¿cQPVKbN�LO[�NQP¤[;IXK¯Kbe�[;zV`FLVzSzSebP§\7IXzSKbeÓPSqCIXRsLO\;c1KML¡NQIXPSR]eML¡\;I6K�KbIULVK�zVIXy;R]IU¬&`;LV\;RsL©Nse�d�~7I
NsRQP$�OLr`;[FLUzSI6[;IXRQLVK�ebjXjXLVjXebPS[;I(LOq;q;RQPVq;RQe�LON�L7gO�EL�gSIXc]cQIX[7\;P§¬�`;I6K�K�L�\;IXzVK�e7PVq�I6RsLV\;c�`7[FL
[;PSjXebPS[;I|`;y;e�¬�`FL�e�[ ��LONQIX��LONsebdAL7g ¬&`7IXc]NQPÀdXPS[7cQIX[uNQI´\;e.`�Nse�Kbe�j6jALVR]IÂ¬�`;I6c]NQI¾NsIXPVRQe�I
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·�LrNsI6PSRQe�Lr\;IXzSKbe;PSqCIXRQLV\;cw\;e3i.PVcQjX`7KFzSIX[;I6RsLVKbe�j6jALU\;`;[;¬�`;IJ¬�`;IXKbKMLU\;eF��R]e�\;\7k£q�I6R
K�IxLVKbzSIXy;R]IU¬�`FLV\;RQLONsebd�~;IVW

� PS[�¬�`;I6c]NsP§KMLA�SPVRQPxdXe;q7RQPSqCPS[;e�LV��P�\;e3LV[FLVKbe�j6jALVR]I(e�K�dXPS[;d6I6N]NsPn\;eCprq�I6RsLV\�[;I6K�K�I
cQ`;IxmoPSRQ�_Irq;ebÈ¿cQIX�_q;Kbe�dXe"Inc]e�zS[7eb¨FdXLONsef�SIrIx\FLVR][;InLVK�d6`;[;eÓI6cQI6��q;eBW
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Asc]NsI6cQc]P;�
Com! = Lie Lie! = Com As! = As.
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