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• OQPSR7TVU
∫ 1

−1

∫ 1+
√

1−y2

1−
√

1−y2

x

(x2 + y2)
m

2

dxdy =

R7W m = 2 ⇒
=

1

2

∫ 1

−1
[log (x2 + y2)]

1+
√

1−y2

1−
√

1−y2
dy =

=
1

2

∫ 1

−1
log (2 + 2y2 + 2

√

1 + y2[∗]) − log (2 + 2y2 − 2
√

1 + y2[∗∗])dy

TQXYW [∗] Z[TSZV\CP�]QW;^N_a`[bdce_fZ[gh_>bic[WjRNk7T�_fZik7W;lL^�PAmnWoZ[TSZpg[P)qe^7TSremnW;s�_at
_fZdXYWjOjW [∗∗] RN_oPAZeZdcemfmuPv_fZ 0 w(sxP [∗∗] ≈ O(y2) ⇒ Z[TSZyg[PzOjTSs(ceZ[bic[W
qe^7TSremnW;s�_at
R7W m 6= 2 ⇒

= −m − 2

4

∫ 1

−1
[(x2 + y2)−

m−2

2 ]
1+
√

1−y2

1−
√

1−y2
dy =

= −m − 2

4

∫ 1

−1
(2+2y2+2

√

1 + y2[∗])−m−2

2 −(2+2y2−2
√

1 + y2[∗∗])−m−2

2 dy

TQXYW [∗] Z[TSZV\CP�]QW;^N_a`[bdce_fZ[gh_>bic[WjRNk7T�_fZik7W;lL^�PAmnWoZ[TSZpg[P)qe^7TSremnW;s�_at{ ZiXYWjOjW [∗∗] RN_|PAZeZicemfmuP(_fZ 0 wdq&TiO�\[} [∗∗] ≈ O(y2) muPoOjTSZ[gh_f]j_nTSZ[W~gh_C_fZik7W;lL^�P1�
re_fmf_fk����L� m−2

2 < 1
2 ⇒ m < 3

• OQPSR7Tx�
∫ 0

2

∫

√
1−(x−1)2

−
√

1−(x−1)2

y

(x2 + y2)
m

2

dydx =

� RN_uP √1 − (x − 1)2 = t �

U



R7W m = 2 ⇒
=

1

2

∫ 0

2
[log (x2 + y2)]t−tdx =

=
1

2

∫ 0

2
log (x2 + t2) − log (x2 + t2)dx ≡ 0

R7W m 6= 2 ⇒

= −m − 2

4

∫ 1

−1
[(x2 + y2)−

m−2

2 ]t−tdx =

= −m − 2

4

∫ 1

−1
(x2 + t2)−

m−2

2 − (x+t2)−
m−2

2 dx ≡ 0

<>=�� @A<CBEDGFGHJILKNM
� _&rCPSRNk�P)^N_nOjTS^7g[PA^7W(O7\[W e =

∑∞
k=0

1
k! W�Z[TSk�PA^7WoO7\[W��~R7W;s�qe^7W~q&TLR7RN_fre_fmnW~RNq&W;]j]�PA^7WmuP�R�TSs�sxP�OjTSs�W e =

∑n
k=0

1
k! +

∑∞
k=n+1

1
k! ∀n ∈ N� X�^7W;s�T�bdce_fZ[gh_JO7\[W

n!e = n!(

n
∑

k=0

1

k!
+

∞
∑

k=n+1

1

k!
) =

=

n
∑

k=0

n!

k!
[∈ N] +

∞
∑

k=n+1

n!

k!

[

<
1

n + 1
+

∞
∑

k=n

1

k2
= O(

1

n
)

]

� _nOjTS^7gh_uPAs�T�_fZ[TSmfkN^7W�O7\[W sin (α + β) = sinα cos β + cos α sinβ ⇒

lim
n→∞

sin

(

2π

n
∑

k=0

n!

k!
+ 2π

∞
∑

k=n+1

n!

k!

)

=

= lim
n→∞

sin

(

2π

n
∑

k=0

n!

k!

)

[≡ 0] cos

(

2π

∞
∑

k=n+1

n!

k!

)

+

+cos

(

2π
n
∑

k=0

n!

k!

)

sin

(

2π
∞
∑

k=n+1

n!

k!

)

[

n→∞−→ 0
]

= 0

<>=�� @A<CBEDGFGHJILKNM
WjR�W;^7O;_f]j_nT�k7WjTS^N_nOjT

�



<>=n� @A<CBEDGFGHJILKNM
� _����i_�\CP ẋ = ∂H/∂y W ẏ = −∂H/∂x `Cbdce_fZ[gh_

Ḣ =
∂H

∂x
ẋ +

∂H

∂y
ẏ = 0.

� _f_�� { qeceZikN_�g���Wjbdce_fmf_fre^N_nT�R7TSZ[T�_GqeceZikN_ P = (x, y) _fZvO;ce_�RN_�PAZeZdcemfmuP�_fm�OQPAs�q|T
XYW;kNk7TS^N_uPAmnWL� ẋ = 0 ^N_nO7\e_nWjgeW y = 1/2 `9s�W;ZdkN^7W ẏ = 0 ^N_nO7\e_nWjgeW x = 0 TSqeqece^7W x =
±1/2 t���ce_fZ[gh_>_>qeceZdkN_�g���Wjbdce_fmf_fre^N_nT+R7TSZ[T�kN^7WL� P0 = (0, 1/2) ` P− = (−1/2, 1/2)
W P+ = (1/2, 1/2) t� P�sxPAkN^N_nOjW�geW;m�RN_nRNk7W;sxP�mf_fZ[WQPA^N_f]j]�PAk7T Z[W;mfma� _fZdk7TS^NZ[T¡gh_�ceZ�qeceZdk7T g���Wjbice_fmf_fre^N_nT
(x0, y0) ��g[PAk�P�g[P

A(x0, y0) =

(

0 2
48x2

0 − 4 0

)

,

bice_fZ[gh_�_JOjTS^N^N_nRNq&TSZ[geW;ZdkN_
PAcek7TQXLPAmnTS^N_�R7TSZ[T λ = ±2
√

2 R7W (x0, y0) = P± `Cs�W;ZikN^7WR�TSZ[T λ = 0 R7W (x0, y0) = P0 t���ce_fZ[gh_ P± R7TSZ[T�qeceZdkN_�g���Wjbice_fmf_fre^N_nT¢_fZ[RNk�PAre_fmnW
q&TS_nO7\[} � PAmfs�W;Z[Td��ceZpPAcek7TQXLPAmnTS^7W(�oq|TLRN_fkN_fXYTet£ W;^�R7kNc[gh_uPA^7W�muP�RNk�PAre_fmf_fk���gh_ P0 RN_YOjTSZ[RN_ngeW;^N_dmuP¥¤¦ceZe]j_nTSZ[W§gh_ ��¨ PAqeceZ[TQX W (x, y) =
H(x, y)−H(P0)

� _fZh¤aPAkNkN_eRN_hkN^7TQXLP�O�\[W P0 �¥ceZ�qeceZdk7T�gh_hs�_fZe_fs�Td�©t { Z�ceZ)_fZik7TS^NZ[T
B(P0) geW;m�qeceZdk7T P0 RN_G\CP W (x, y) > 0 ∀P ∈ B(P0) \ {P0} ` W (P0) = 0 W
Ẇ (P ) = 0 ∀P ∈ B(P0) t���ce_fZ[gh_Jq|TLR7R7_uPAs�TxPAqeqemf_nOQPA^7W(_fm�k7WjTS^7W;sxPxgh_ �>¨ PAqeceZ[TQXW�OjTSZ[O;mfc[geW;^7W�O7\[W P0 ��ceZ¡qeceZik7Txg���Wjbice_fmf_fre^N_nTxRNk�PAre_fmnWLt� _f_f_��(�i_
\CP H(1, 2) = 0 `�bdce_fZ[gh_
_fmGg[PAk7T¡_fZe_f]j_uPAmnWxRN_�kN^7T�XSPpRNcemfmuP¡O;ce^NXLP¡gh_
mf_fXYW;mfmnT
Γ0 = {(x, y) ∈ R

2 : H(x, y) = 0} `[O�\[Wo�og[PAk�P�g[PAmfma� ceZe_nTSZ[W�geW;mfmnWoghc[W�O;ce^NXYW
C1 = {(x, y) ∈ R

2 : y = 2x2},
C2 = {(x, y) ∈ R

2 : y = 1 − 2x2}
ª PAmnWxO;ce^NXLPVgh_
mf_fXYW;mfmnT���OjTLRNkN_fkNce_fk�P�g[PV«¡TS^Nre_fk7W � �¡qeceZdkN_¥g���Wjbdce_fmf_fre^N_nT�Wx¬VPA^7O�\e_
gh_>O;ce^NXLPh`[RNcVO;ce_�_fm�s�TSk7T��oPSRN_fZdk7TSkN_nOjTxXYW;^7R7T�_�qeceZdkN_�g���Wjbdce_fmf_fre^N_nT+PAmfs�W;Z[T�_fZ¡ceZCP
gh_f^7W;]j_nTSZ[W(k7W;s�q|TS^�PAmnW��©t£ TS_nO�\[}�mnW�O;ce^NXYW�gh_[mf_fXYW;mfmnT�R�TSZ[ToRNceq&W;^®­CO;_e_fZdXLPA^N_uPAZdkN_9W�_fm[g[PAk7To_fZe_f]j_uPAmnW�RN_ekN^7TQXLP
R7cemfma�¯PA^7OjT�gh_&O;ce^NXLP γ gh_ C1 P)geWjRNkN^�P�gh_ x = 1/2 `h_fm&s�TSk7T�RN_�RNXYTSmflYW~RNc k�PAmnW~O;ce^NXSP
γ �J_fZ qCPA^NkN_nOjTSmuPA^7W~mfceZelYT)muP�kN^�PA_nW;kNk7TS^N_uP�RN_&geW;XYW�PQXYW;^7W y = 2x2 `hO7\[W�_fZ[R7W;^N_fk�P�Z[W;mfmuP
qe^N_fsxP�WjbdcCPA]j_nTSZ[WogeW;mJRN_nRNk7W;sxP�g[�

ẋ = 4x2 − 1,

O�\[WoRN_�qec[°�^N_nR�TSmfXYW;^7W�q|W;^�R�W;qCPA^�PA]j_nTSZ[W(gh_�XLPA^N_uPAre_fmf_atG�i_>kN^7TQXLP
x(t) =

1

2

3 + e4t

3 − e4t
,

O�\[W��)geW©­[Ze_fk�P+q|W;^ t ∈ (−∞, (log 3)/4) ��q&W;^ t → −∞ muP�R�TSmfce]j_nTSZ[W x(t) k7W;Z[geW
P 1/2 `[s�W;ZikN^7Woq&W;^ t → (log 3)/4 RN_�\CP x(t) → ∞ t

±



ª W;Zdcek7T�OjTSZdk7T�O7\[W
RN_L\CP y = 2x2 mfceZelYT�muP¥kN^�PA_nW;kNk7TS^N_uP�muP�R�TSmfce]j_nTSZ[W (x(t), y(T ))
��g[PAk�P�g[P

x(t) =
1

2

3 + e4t

3 − e4t
,

y(t) =
1

2

(

3 + e4t

3 − e4t

)2

.

-2 -1 1 2
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<>=�B @;�>BEDGFGHJILKNM
WjR�W;^7O;_f]j_nT�¤¦c[TS^N_>geW;m�qe^7TSlL^�PAs�sxP�qh¤²r
<>=�³ @;�>BEDGFGHJILKNM
�i_uP A ma�¯PA^7WQPp_fZdk7W;^NZCP�P γ t { m§qe_uPAZ[T��xTS^Nk7TSlYTSZCPAmnWVPAmGXYW;kNk7TS^7W v = (a, b, c) O�\[W
R�PAqeqe_uPAs�ToWjR7R7W;^7W�PAZ[O�\[W�TS^Nk7TSZ[TS^NsxPAmnW�g[PAmfma� _fq&TSk7WjRN_ a2 +b2+c2 = 1 t�´�PAmek7WjTS^7W;sxP
gh_J�ik7TSµYWjR � OjTSZ[RN_ngeW;^�PAZ[geT F = 1

2 (bz − cy, cx − az, ay − bx) �©�
∫

A

rot(F ) · v =

∫

A

1

2

∣

∣

∣

∣

∣

∣

e1 e2 e3

∂x ∂y ∂z

bz − cy cz − ax ay − bx

∣

∣

∣

∣

∣

∣

·





a
b
c



 dxdydz

¶



=

∫

A

1

2
(2a, 2b, 2c) · (a, b, c)dxdydz =

∫

A

(a2 + b2 + c2)dxdydz =

∫

A

dxdydz

·�¸�¹

º "3#|%�'�'»*-,C,¼.Y"3½�*�¾-½�¿C#|6�4~:
��=?< <9BED¥F§HJIYK
À|Á P (λ) = (1 − λ)(λ2 − λ(1 + a) − 3 + a)

Â Á λ1 = 1 λ2,3 = 1+a±
√

a2+2a+13
2 T�XYW a2 + 2a + 13 
 0 W

1+a±
√

a2+2a+13
2 6= 1 ∀a ∈ R bdce_fZ[gh_
muP»sxPAkN^N_nOjW+��R7W;s�qe^7W�gh_uPAlYTSZCPAmf_f]j];�

PAre_fmnW � q&TLR7RN_nWjgeW�R7W;s�qe^7W�kN^7W�PAcek7TQXLPAmnTS^N_Jgh_nRNkN_fZikN_ ¹ �
��=�� @A<CBEDGFGHJILKNM
v2 = (1, 2, 1, 0) ⇒ e2 = 1√

6
(1, 2, 1, 0)

v4 = (0, 2, 1, 0) − <v2,(0,2,1,0)>
<v2,v2>

v2 = 1
6 (−5, 2, 1, 0) ⇒ e4 = 1√

30
(−5, 2, 1, 0)

�i_uP v1 = (0, 0, 0, 1) �+�xmf_fZ[WQPA^Ns�W;Zdk7W _fZ[gh_fq&W;Z[geW;Zdk7W¡W+TS^NkNTSlYTSZCPAmnW¡P v1 W v2bice_fZ[gh_ e1 = v1· ^�P�Z[TSkN_uPAs�TvO�\[W (0, 1, 0, 0) ��mf_fZ[WQPA^Ns�W;Zdk7W¢_fZ[gh_fq&W;Z[geW;Zdk7W�P v1 ` v2 W v4 wTS^Nk7TSlYTSZCPAmf_f]j]j_uPAs�TSmnTe�
v3 = (0, 1, 0, 0) − <v2,v3>

<v2,v2>
v2 − <v1,v3>

<v1,v1>
v1 − <v4,v3>

<v4,v4>
v4 = (0, 1

5 ,−2
5 , 0) ⇒ e3 =

1√
5
(0, 1,−2, 0)

��=�� @A<CBEDGFGHJILKNM
WjR�W;^7O;_f]j_nT�k7WjTS^N_nOjT
��=n� @A<CBEDGFGHJILKNM
À|Á�Ã TSk7T¢O�\[W det(A) = a2 + b2 = 0 ⇔ a = b = 0 w�_fZ[TSmfkN^7W det(A) = 1 R7W

a = 0 ∨ b = 0 ` det(A) = 2 ≡ −1(3) R�W a 6= 0 ∧ b 6= 0

A−1 = 1
det(A)

(

a b
−b a

)

∈ K O�\[Wobice_fZ[gh_��~ceZpOQPAs�q&Tet
Â Á p(x) = (x2 + 1) �~_f^N^N_nghc[O;_fre_fmnWLt Z3[x]

(p(x)) = {a + bx : a, b ∈ Z3} t
� � _nR7TSs�TS^®­CRNs�T+OjW;^7OQPAk7T�� ϕ : Z3[x]

(p(x)) −→ K; a + bx 7−→
(

a b
−b a

)

� � P�R7W;s�qemf_nOjWoXYW;^N_Ä­COQP��~muPSR7O;_uPAk�P�PAm�mnW;kNk7TS^7W��
ÅeÁ � ��W;mnW;s�W;Zdk7T�geW;mCOQPAs�q&T

(

2 2
−2 2

)

\CP�TS^7gh_fZ[W 8 Wjg���bice_fZ[gh_[ceZ+lYW;Z[W;^�PAk7TS^7W ¹

Æ



��=�B @;�>BEDGFGHJILKNM

À|Á A =





−3 −3 0
−3 2 2
0 2 5



⇒ det(A) = −48 6= 0

A00 =

(

2 2
2 5

)

⇒ det(A00) = 6 ⇒ �~ceZ>��W;mfmf_nR7R7W�Z[TSZVgeW;lYW;Z[W;^7WLt
£ W;^�kN^7TQXLPA^7W�_fm>OjW;ZdkN^7Tx^N_nR7TSmfXYT�_fm>RN_nR7k7W;sxPh�
∂F/∂x
∂F/∂y

{

4x + 4y − 6 = 0
4x + 10y = 0

⇒ C = (5/2, 1)

£ W;^�geW;k7W;^Ns�_fZCPA^7WolLmf_�PSR7R7_>gh_�RN_fs�s�W;kN^N_uP�OjW;^7OjT�lLmf_�PAcek7TQXYW;kNk7TS^N_a�
� cek7T�XSPAmnTS^N_a� 0 =

∣

∣

∣

∣

2 − λ 2
2 5 − λ

∣

∣

∣

∣

= λ2 − 7λ + 6 ⇒ λ1,2 = 6, 1

� cek7T�XYW;kNk7TS^N_a� E(6) : y = 2x ⇒ v1 = (1, 2) w E(1) : x = −2y ⇒ v2 =
(−2, 1)Ç mf_�PSR7RN_>gh_JRN_fs�s�W;kN^N_uP�R7TSZ[Te� s1 : C + kv1 s2 : C + hv2 h, k ∈ R t

Â Á A =





−1 1 −1
1 2 1
−1 1 2



⇒ det(A) = −9 6= 0

A00 =

(

2 1
1 2

)

⇒ det(A00) = 3 ⇒ �~ceZ>��W;mfmf_nR7R7W�Z[TSZVgeW;lYW;Z[W;^7WLt
£ W;^�kN^7TQXLPA^7W�_fm>OjW;ZdkN^7Tx^N_nR7TSmfXYT�_fm>RN_nR7k7W;sxPh�
∂F/∂x
∂F/∂y

{

4x + 2y + 2 = 0
2x + 4y − 2 = 0

⇒ C = (−1, 1)

£ W;^�geW;k7W;^Ns�_fZCPA^7WolLmf_�PSR7R7_>gh_�RN_fs�s�W;kN^N_uP�OjW;^7OjT�lLmf_�PAcek7TQXYW;kNk7TS^N_a�
� cek7T�XSPAmnTS^N_a� 0 =

∣

∣

∣

∣

2 − λ 1
1 2 − λ

∣

∣

∣

∣

= λ2 − 4λ + 3 ⇒ λ1,2 = 3, 1

� cek7T�XYW;kNk7TS^N_a� E(3) : x = y ⇒ v1 = (1, 1) w E(1) : x = −y ⇒ v2 =
(1,−1)Ç mf_�PSR7RN_>gh_JRN_fs�s�W;kN^N_uP�R7TSZ[Te� s1 : C + kv1 s2 : C + hv2 h, k ∈ R t{ Ze_f]j_uPAs�T�muP�OQPAZ[TSZe_f]j]�PA]j_nTSZ[WL�

• q|TS^Nk7T�_fm)OjW;ZikN^7TÈgeW;mfmuP�OjTSZe_nOQP�Z[W;mfma��TS^N_flL_fZ[WÉkN^�PAs�_fk7WÉmuP�kN^�PSR7muPA]j_nTSZ[WL�
{

x′ = x + 1
y′ = y − 1

⇒

Γ′ : 2x2 + 2y2 + 2xy − 3 = 0

• ^Nc[TSk7TomuP~OjTSZe_nOQP�_fZxs�TigeT�g[P�¤aPA^§OjTS_fZ[O;_ngeW;^7W�lLmf_9PSR7RN_[gh_[RN_fs�s�W;kN^N_uP(OjTSZ
bdc[W;mfmf_JgeW;m>RN_nRNk7W;sxP�gh_�^N_Ä¤ÊW;^N_fs�W;Zdk7TxkN^�PAs�_fk7WomuP)^7TSk�PA]j_nTSZ[W

¬



(

x
y

)

=

(

1 1
1 −1

)(

x′′

y′′

)

=

{

x′′ + y′′

x′′ − y′′
⇒

Γ′′ : 2x2 + 2
3y2 = 1

��=�³ @;�>BEDGFGHJILKNM
À|Á { m~^�PAZelYTvgh_�ceZ>�¯PAqeqemf_nOQPA]j_nTSZ[WË��celLcCPAmnWËPAm~^�PAZelYTvgeW;mfmuPÉsxPAkN^N_nOjWËPSR7R7T�O;_uPAk�Ph`

bdce_fZ[gh_
R�W(q&W;^oPSR7RNce^7geT¡WjRN_nRNk7WjR�R7W(ceZCP»rCPSR�W�_fZ¢O;ce_ A �)muP+sxPAkN^N_nOjW�gh_ F _fm
^�PAZelYT�gh_ A geTQX�^7W;rer|WoWjR�R7W;^7W p sxP�� r 6= p t

Â ÁpÌ PSRNk�P�Z[TSk�PA^7W~O7\[W~g[PAk�P�muPosxPAkN^N_nOjW~gh_ F `iR�W�bic[WjRNk�P)��R7_fs�_fmnW�PSg»ceZCP(sxPAkN^N_nOjW
gh_uPAlYTSZCPAmnW�bdc[WjR7k�P+��ceZe_nOQP W�kNcekNk7W�mnW�gh_uPAlYTSZCPAmf_
gh_fXYW;^7R7W)sxP»OjTSZ�mnT RNk7WjR7R7T
^�PAZelYT�XYW;^N_Ä­COQPAZ[T�ma�¯PSR�R7W;^Nk7Tet
��W�muP(sxPAkN^N_nOjW�Z[TSZ¡�~gh_uPAlYTSZCPAmf_f]j]�PAre_fmnW(PAmfmnTS^�Ph`hrCPAZCPAmfs�W;Zdk7WL`[Z[TSZ �~RN_fs�_fmnW~P
Z[WjR7RNceZCP�sxPAkN^N_nOjW(gh_uPAlYTSZCPAmnW(geW;mfmnT�RNk7WjR�R7T�^�PAZelYT ¹
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