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lim
n→+∞

(

n
∑

k=1

1

2k

)2n

=

lim
n→+∞

(

1 − 1
2n

1 − 1
2

)2n

=

lim
n→+∞

(2)2
n

(

1 − 1

2n

)2n

= +∞

SUTWVYX
limn→+∞

(

1 − 1
2

n)2n

= e−1 Z
ACB\[ EFAHG�IKJKLNMPORQ

f ]_^a`cbed#f�gh`ciRjk`mlFnHlpoHqsrh`cnetp`uf T nsiR`cnvrHlpwyx&`Cf T ned X@z r X nhjWl{lFnef�g X g | T ]Pw
x}lFi T f@`�~�l Vs��X@��T f#g X |ml
�Urhnhjk` T n X n T n�]ydRr � ` X iRiR` V l�d XKX d T | T d X l ����X iRi X(X dRi ��X@��T
d�rhb X@� ` T���X_XW�FT `cnp� X@� ` T���X wy�s`ml0b X@��X d X@� bh` T y = sup

x∈R

g(x) lF|c| T�� lp�

+∞ 
 2y ≥ |g(x)−g(2x)| ≥ |x|−|f(x)−f(2x)| ≥ |x|− 1

2
|x| =

1

2
|x| x→+∞−→ +∞

f#g X ]_l�d�dRr � t Th�
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lim
n→∞

(1 − cos
1

n
) log (n!) < lim

n→∞
(1 − cos

1

n
) log (nn) =

lim
n→∞

(1 − cos
1

n
)
n2

n2
n log n =

lim
n→∞

((1 − cos
1

n
)n2)

(

log n

n

)

= 0

SUT�VYX
lim
n→∞

(1 − cos 1
n)n2 = 1

2
Z
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S ` Z0� bhrhnviR`�ta� X qsrh`c|c`c� � ` T d T n T `"bhrhnsiR` P = (x, y) `cn�f@rh`
dR`
lFnhnvrh|c|ml�`c|
f�l � b TVYX iRi T�� `mlF| X � ẋ = 0

� `�f#gh` X t X y = 0 o ��X nsi ��X ẏ = 0
� `�f�gh` X t X

V ′(x) = x+ αx3x =
(

1 + αx2
)

= 0.

� rh`cnetp`�d X α ≥ 0 d T | T P0 = (0, 0) ]}rhn�bhrhnvi T ta� X qvrh`c|c`c� � ` T o ��X nvi ��X d X α < 0 dR`
gHlFnhn T i ��X bhrhnviR`eta� X qsrh`c|c`c� � ` T o P0 = (0, 0)

X
P± = (±x0, 0) oPt T�VYX x0 =

√

−1/α w� T `�f#ge� V ′′(0) = 1 > 0 o X qvrh`cnetp` x = 0 ]
rhn�bhrhnvi T tp` � `cnh` ��T�S `�d T |mlFi T Z b X@�
V (x) oC`c|�bhrhnsi T ta� X qsrh`c|c`c� � ` T P0 ]�d X@� b ��X rhn�bhrhnvi T ta� X qsrh`c|c`c� � ` T dRi#lF�h`c| X b X@� `c|
i XkT���X@� l/tp`>^ul zP� lFn zYX w � X@� α < 0 d�`egHl�`cn VYX f X V ′′(±x0) = 1+3αx2

0 = −2 < 0 o
qsrh`cnetp` ±x0 d T n T bhrhnviR`�tp` � l�d�dR` ��T�S `�d T |mlFiR` Z b X@� V (x) ��n X d X@z r X f#g X P± d T n T
bhrhnsiR`uta� X qsrh`c|c`c� � ` T `cnedRi#lF�h`c| X wS `c` Z ^ul���rhnhjk` T n X�X n X@�Rz `ml

H(x, y) =
1

2
y2 + V (x)

]�rhnHl�f T d�i#lFnvi X t X | ��T i T b X@� `c|adR`�dRi X@� l�tp`cnHl � `�f T l�d�d T f@`mlFi T w � rh`cnetp`�ohb X@�
T�z nh`
telFi T `cnh`cjk`mlF| X (x̄, ȳ) o
|ml�f T��R� `�d�b T net X nsi X i � lF` X iRi T�� `ml�l Vs�#  |cr T�zYT d�rh|c|ml�f@r �RV l�tp`
|c` VYX |c| T t X i X@�R� `cnHlFi#l�telF|c|�� X qsrHlFjk` T n X H(x, y) = H(x̄, ȳ) w� X@�

α ≥ 0 dR`ygHl H(x, y) > 0 i � lFnhn X f�g X `cn P0 o
t T�VYX H(0, 0) = 0 w�^ul
�Urhnhjk` T n X V (x) ]�bHl � `�o X V ′(x) > 0 b X@� x > 0 ��qsrh`cnetp`&| X f@r �RVYX tp`&|c` VYX |c| T
t X |&dR`�dRi X@� l�d T n T iRrhiRi X f�gh`cred X�SUX |c` � `ci#lFi X Z oyqsrh`cnetp`
iRrhiRi X | X i � lF` X iRi T�� ` X d T n T
b X@� ` T tp`�f�g X b X@��T�z nh` V lF| T���X E > 0 w � n¡i#lF|
f�l�d T |�� X qsrHlFjk` T n X E − V (x) = 0
t X i X@�R� `cnHl�tpr X2� l�tp`�f@` x± o�f T n x− = −x+ o�i#lF|c`"f�g X dR`ygHl V ′(x±) 6= 0 w � X@�
α > 0 rhn�f�lF|�f T | T�X d�bh|c`�f@`ci T t  

x+ = −x− =
1√
α

(√
1 + 4Eα − 1

)1/2
,

��X nsi ��X b X@� α = 0 d�`agHl
x+ = −x− =

√
2E.

� X@�
α < 0 oetp`�d X@z nHlFi T `c| zP� l�¢Hf T tp` V (x)

S �£l�f@`c| ��X nsi X/T iRi X nh`c�h`c| X telF|c| X `cnp� T��¥¤� lFjk` T nh`�dRrh`abhrhnviR`�f � `ciR`�f@` X telF|C�£lFiRi T f#g X b X@� x→ ±∞ dR`CgHl V (x) → −∞ Z oedR`VYX t X d�rh�h`ci T f�g X dR`�gHlFnhn T�T�� �h`ci X b X@� ` T tp`�f�g X d T | T b X@�}V lF| T�� `
tp` X n X@�Rz `ml E i#lF|c`
f#g X 0 < E < V (x0) = −1/4α w�¦�nef#g X `cn§i#lF|�f�l�d T |�� X qsrHlFjk` T n X E − V (x) = 0
t X i X@�R� `cnHl�qvrHlFiRi ��T�� l�tp`�f@`�o X | X tpr X bh`c¨�bh`�fkf T | X `cn ��T tprh| T ouf#g X b T d�dR`ml ��T `cn ¤
tp`�f�l ��X tp`�nvr TWVYT x± o!f T n x− = −x+ o � lFbhb ��X d X nvi#lFn T `�tpr X bhrhnviR`
ta� `cn VYX@� dR` T n X
t X |c|ml�i � lF` X iRi T�� `ml�b X@� ` T tp`�f�lpw
©�`�dRrh|ci#l

x+ = −x− =
1√−α

(

1 −
√

1 + 4Eα
)1/2

,

t TWVYX 0 < 1 + 4Eα < 1 b X@� 0 < E < −1/4α w

ª



S `c`c` Z � X@�«T�z nh` α ∈ R o
telFi T rhn V lF| T���X E tp` X n X@�Rz `ml�f T��R� `�dRb T net X nvi X l�rhnHl
i � lF` X iRi T�� `ml�b X@� ` T tp`�f�lpohb T d�dR`ml ��T d�f � ` VYX@��X `c|ab X@� ` T t T f T���X

T (E) = 2

∫ x+

x
−

dx
√

2(E − V (x))
,

f#g X o�d#f � ` VYX net T�X dRbh|c`�f@`ci#l ��X nsi X x± `cn}i X@�R� `cnh`stp` E d X f T net T rhnHl"t X |c| X i ��X � T��R� rh| X
b ��X f X t X nsiR`�o X dRb � ` ��X `c|Cb X@� ` T t T `cn�i X@�R� `cnh`�t X |c|�� X n X@�Rz `ml E w
� X α = 0 dR` T iRiR` X n X
qsrh`cnetp`

T = 2

∫

√
2E

−
√

2E

dx√
2E
√

1 − x2/2E
= 2

∫ 1

−1

dx√
1 − x2

= 2π,

f T���X ]2` ����X tp`mlFi T§VYX@� `¬¢Hf�l ��X�S b X@��X d X@� bh` T f T n�d T dRiR`ciRrhjk` T n X x = sinϑ o ϑ ∈
[−π/2, π/2] Z w
ACB\G E@[CG�IKJKLNMPORQ

­H®
lim
n→∞

log(1+x2n)
nx =

{

0
2 log x

x

0 < x ≤ 1
x > 1

¯!® b T `�f�ge�(| X ��rhnhjk` T nh`ef#g X f T nedR`�t X@� `ml ��T d T n T f T nsiR`cnvr X osd X |ml�f T n VYX@�RzYX nhjWl�� T d�d X
rhnh`¬� T��R��X o°lFnef�g X |ml&�Urhnhjk` T n X |c` � `ci X | T d�l ��X �h� X oP`c|ef#g X ] T�V°V `ml ��X nvi X ��lF|�d Th�

±a® d X x = 1 ⇒
∑∞

n=1
log(1+1)

n = log 2
∑∞

n=1
1
n = +∞

d X 0 < x < 1 ⇒∑∞
n=1

log(1+x2n)
nx ≈∑∞

n=1
x2n

nx ≤∑∞
n=1 x

2n−1 <∞

ACB\² E@[CG�IKJKLNMPORQ
X d X@� f@`cjk` T i XkT�� `�f T

³ *9+´-�.�.�143H3µ5Y*9¶�1&·4¶�¸H+´<#:�?
[�BDA A>G�IyJ¹LNMYO
º ® | X tpr X}��X iRi X d T n T d z g X@� � X d X |ml � lFi � `�f X t X `uf T°X¼» f@` X nviR` X i X@�R� `cnh`Cn T iR`CgHl

t X i X@�R� `cnHlFnvi X tp` VYX@� d T tel�j X@��T w

det(A) =

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 1
−1 1 1 0
0 1 0 −1
−1 −2 0 −1

∣

∣

∣

∣

∣

∣

∣

∣

= 2 6= 0 ⇒ d T n T d z g X@� � X w

� |>��l�d�f@` T tp`>bh`mlFnh`ab X@� r ]�� k(x− y− 1) + λ(y+ z− 2) = 0 ⇒ kx+ (λ−
k)y + λz − (k + 2λ) |ml�f@rh` z `ml�f@`ciRr � l�]�� kx+ (λ− k)y + λz = 0

^ul z `ml�f@`ciRr � l0tp` s ]
{

y = 0
x = z

X&��X iRi X net T l/dR`�d�i X@� l T iRi X nh`ml ��T kx+ λx =

0 ⇒ k = −λ X qvrh`cnetp` α : x− 2y − z + 1 = 0 w
½



^
� X qsrHlFjk` T n X tp` β d�l �#  n X |c|ml�� T��R� l x − 2y − z + h = 0 ¾Nb X@� i ��TWV l ��X h
�Hl�dRi#l&` � b T��R��X `c|pbHl�d�d�l zPz ` T b X@� rhn�bhrhnvi T tp` s S l�t X d X@� bh` T Ps = (1, 0, 0) ZT iRi X n X net T β : x− 2y − z − 1 = 0 w

¿ ®�À l�dRi#l§n T i#l ��X f#g X P0 ∈ x − y = 1 f#g X ]�rhn T t X `"bh`mlFnh`
f�g X f T nsiR` X n X r o
qvrh`cnetp`a|�� X qsrHlFjk` T n X f�l � i X dR`mlFnHl�t X |c|ml0b ��T ` X jk` T n X ]�telFi#l�telF|c|�� `cnvi X@� d X jk` T nv� X
tp`uqsr X dRi T bh`mlFn T f T n β ohqsrh`cnetp` t :

{

x− y = 1
x− 2y − z = 1

Á ® �°f � ` V `ml ��T r X t s `cn�� T��R� l&bHl � l ��X i � `�f�lp� r = (t+1, t,−t) s = (k+1, 0, k) w
^
� `cnvi X@� d X jk` T n X t X |c| X tpr X���X iRi X ]Â`c|_f X nsi ��T t X |}dR`�dRi X@� l�tp` � `¬� X@� ` ��X nsi T �
C : (t+ 1, t,−t) = (k + 1, 0, k) ⇒ t = 0, k = 0 ⇒ C = (1, 0, 0)

¦ » nef#ge� H lF�h�h`ml�f T°T�� tp`cnHlFi X (1, 1) n X |´nvr TWVYT dR`�dRi X@� l�tp` � `¬� X@� ` ��X nsi T�� `
�Hl�dRi#l�` � b T��R��X �
H −C = 1 · [(t+ 1, t,−t) −C] + 1 · [(k + 1, 0, k) −C] ⇒ (−2,−1, 0) =
(t+ k, t, k − t) ⇒ t = −1, k = −1 ⇒ f1 = (−1,−1, 1), f2 = (−1, 0,−1)

[�B\[ EFAHG�IKJKLNMPORQ

Ã ®
M =





1 1
2 0

1
2 2 0
0 0 1





< x, x >= (x, y, z)M





x
y
z



 = x2 +xy+2y2 +z2 ≥ x2 +2y2 + −x2−y2

2 +

z2 = x2

2 + 3y2

2 + z2 ≥ 0 Ä�Å �
ÃUÃ ® �°f X | zYT e1 = f1 o e3 = f3

f2 = e2 − <e1,e2>
<e1,e1>e1 −

e3,e2

e3,e3
e3 = e2 − e1

SUTWVYX
< e2 − e1, e2 − e1 >= 1 Z

ÃUÃUÃ ®
W = (t, v, 2t+v) = tf1+vf2+(2t+v)f3 ¾Pd�f X | zYT f T���XyVYX iRi T�� `s|c`cn X l �R��X nsi X
`cnetp`cb X net X nsiR` v1 = (1, 0, 2) v2 = (0, 1, 1) w
º ® w1 = (1

5 , 0,
2
5) ¾ w′

2 = v2 − <v1,v2>
<v1,v1>v1 = (−1

2 , 1, 0) qvrh`cnetp` w2 =

(−2
3 ,

4
3 , 0)Á ® w′

3 = (1, 0, 0)[= v3] − <w1,v3>
<w1,w1>w1 + <w2,v3>

<w2,w2>w2 = (24
25 , 0,−−2

25 ) w
¿ ® ^ul�b ��T ` X jk` T n X�T�� i T�zYT nHlF| X tp` v ] v∗ = (1, 0,−1) − <v,w3>

<w3,w3>w3 =

(1, 0,−1) − 26
17(12, 0,−1)

[�B\� EFAHG�IKJKLNMPORQ

Ã ®
A =





2 −t/2 1
−t/2 1 t

1 t 0





Æ



det(A) = t2 + 1 6= 0 ∀t ∈ R

det(A00) = −t2 ≤ 0 ⇒ ]}bHl � lF� T |ml T `cb X@� � T | X w
ÃUÃ ® ∂F/∂x

∂F/∂y

{

2x+ 2ty − t = 0
2tx+ 2 = 0

⇒ C = (− 2
2t ,

t2+2
2t2

)

ÃUÃUÃ ®
C0 : x2 + 2y + 2 = 0� T `�f#ge��n T n¡f T�� bHl ��X `c|(i X@�R� `cn X tp`"b � ` ��T�zP� l�t T n X |c|ml x ne��`c|(i X@�R� `cn X� `�dRi T o � `a�Hl�dRi#l�i � l�dR|ml ��X `c| VYX@� iR`�f X n X |c|�� T�� ` z `cn X �
(

x′

y′

)

=

(

x
y + 1

)

⇒ C ′
0 : y = −x2

[�B�� EFAHG�IKJKLNMPORQ
Ã ®�Ç X@� `¬¢Hf#gh`ml ��T f�l�d T b X@� f�l�d T �

l Z x, y ∈ R∗ ⇒ xy ∈ R∗ ⊆ G
� Z x, y ∈ R∗ ⇒ (ix)(iy) = −xy ∈ R∗ ⊆ G
f Z x, y ∈ R∗ ⇒ (ix)y = i(xy), xy ∈ R∗,∈ G
t Z x, y ∈ R∗ ⇒ x(iy) = ixy, xy ∈ R∗,∈ G

ÃUÃ ®�À l�dRi#l�n T i#l ��X f#g X (Z4,+) ∼= (K, ·) TWVYX K = {it+1, t ∈ Z4} lF|c| T�� l

ϕ : (R∗,+) × (Z4,+) −→ G
(x, t) 7−→ x(it+1)

]��HlFnHlF| ��X nvi X rhn�`�d T���T�� ¢Hd ��T w
[�B\G E@[CG�IKJKLNMPORQ
º ® � X k ∈ N(T ) ⇒ T (k) = 0 ¾hd X ∃l ∈ V : T (l) = k ⇒

k = T (l) = T (T (l)) = T (k) = 0 f�g X ]_l�d�d�r � t T w
¿ ®§È ��XkT | X tpr X lFbhbh|c`�f�lFjk` T nh`��

ϕ : (T : V → V ) 7−→ (N(T ) ⊕ Im(T ))

ψ : (V1 ⊕ V2) 7−→ πV1

S f�g X ]}�HlFnHlF| ��X nsi X |c`cn X l ��X�X `�t X@� b T i X nsi X Z w
Á ®�È T nedR`�t X@� `ml ��T ` zYX n X@� lFi T�� `°tp` N(T )

X
Im(T ) ¾�dR`ml < v1, . . . , vs >= N(T ) <

vs+1, . . . , vn >= Im(T )Ç T�z |c` T tp` ��T dRi � l ��X f�g X ` VYX iRi T�� `vd#f X |ciR`vd T n T lFrhi T�VYX iRi T�� ` X i ��T�V l ��X |��ÉlFrhi TWV lF| T���X
l�d�d T f@`mlFi T �
∀i = 1, . . . , s ⇒ iRrhiRiR`�` VYX iRi T�� `�d T n T �HlFnHlF| ��X nvi X lFrhi T�VYX iRi T�� `
f T n�lFrhi TF¤V lF| T���X 0 w
∀i = s + 1, . . . , n ⇒ T (vk) =

∑n
j=1 ajvj =

∑n
j=s+1 ajvj ⇒ T (vk) =

T (T (vk)) =
∑n

j=1 ajT (vj) ⇒ ∑n
j=1 ajT (vj) − T (vk) = 0 ⇒ ak =

Ê



1, aj = 0∀j 6= k ⇒ T (vk) = vk ⇒ iRrhiRiR`!` VYX iRi T�� `ad T n T lFrhi TWVYX iRi T�� `Cf T n
lFrhi T�V lF| T���X 1 w
^ul � lFi � `�f X tp`ml zYT nHlF| X d#l �#  qsrh`cnetp`an X |c|ml0� T��R� lp�
















1 0 . . . . . . 0

0
w w w 0 . . . 0

0 . . . 1 . . . 0
0 . . . . . . 0 0

0 . . . . . . 0
w w w

















[�B\² E@[CG�IKJKLNMPORQ
X d X@� f@`cjk` T i XkT�� `�f T
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