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Esercizio 1 / dxdy A={(z,y) eR?* | ly| <z, 2?2 +y*> < 1}
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Passiamo in coordinate polari cioé poniamo (x,y) = D(p,0) = (pcosh, psin).
O HA) ={(p,0)|0<p<1, _Z <6< } e |det J®(p,0)| = p quindi per il teo-

rema del cambio di variabile si ha
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Esercizio 2 /(xfy)log(lJerfyz) dedy B={(r,y) €R*|1—a<y<2-—x,1<2?—y*<3}
B
B={(z,y)|1<a+y<2, 1<’ —y* <3}
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Poniamo u =z +y e v =22 —y? cio¢ (z,y) = ®(u,v) dove

2 2
@(u,v):(u +v u U).
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Esercizio 3
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(si poteva anche osservare che det J@~! = 21 _12 = 2z + 2y = 2u e quindi
| det J&| = det}<1> ] :i>
o 'B)={(u,v) eR* |1 <u<2,1<
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flay) =z —y C={(z,y) eR?*|2®+y* <2y, 0<y < |a[}
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Siccome f & pari nella variabile z allora / flz,y)dxdy = 2/ f(z,y) dedy dove
c c

C'={(z,y) eR?|2” +4* <2y, 0<y <z, o >0}
Passando in coordinate polari (z,y) = ®(p,0) = (pcos b, psin ) si ha
1O ={(p,0) | 0< 0 < % 0< p<2sind} e |det JO(p,0)| = p quindi
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Quindi / f(z,y)dady = 2 f(m,y) dxdy = g -

Esercizio4/xy2zd:cdydz D={(z,y,2) €ER} |22 +¢y?+22<1,2>0,y<0, 2>0}.

D



Z11\
Z 2|
27 mm

A1

Z,
S
AT
Ly
i,

Passiamo in coordinate sferiche cio¢ poniamo
(z,y,2) = ®(p,0,9) = (pcosfsin ¢, psin O sin ¢, p cos ¢).
YD) ={(x,y,2) eR®|0<p<1, —ggego, 0§¢§g} e

|det J®(p, 0, ¢)| = p*sin ¢ quindi per il teorema del cambio di variabile si ha
zy?z dedydz = / p% cos @sin? @ sin? ¢ cos ¢ dp df dp =

D ®-1(D)
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Esercizio 5 / 32% + |y| — 222 dedydz E = { (v,y,2) € R® | 2® +y* < 22(1 - 2H)}.
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Passiamo in coordinate cilindriche ponendo (z,y, z) = ®(p,0,2) = (pcos b, psinb, z) .
OH0) = {(p,0,2) | z€ [-1,1], 0 €[0,27],0 < p < |2|V/1 — 22} e |det J®(p, 0, 2)| =
p quindi per il teorema del cambio di variabile si ha

322 + |y| — 22 dedydz = / 3p% cos? 0 + p?|sin 6| — 2pz2dp df dz =
E O-1(E)
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Esercizio 6 Sia F 1’ ellissoide in R? di equaz10ne —+ 55 = + =<1

Poniamo (z,y, z) = ®(u,v,w) = (a u7, b v, c w)
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O YF) = (u,v,w) € R3 | u? +v2 +w? =1 e |detJ®| = abc quindi
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Vol(F)= | ldzdydz = abe dudvdw = abe Vol(®™(F)) = —wabe
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Esercizio 7 f(z,y,2) = 20/22 —22 —¢y2 G ={(2,9,2) ER} | Va2 + 2 <2< /2 — a2 — 32




Esercizio 8

Esercizio 9

Esercizio 10

In cordinate sferiche ®1(G) = {(p,0,6) |0 < p < V20 €[0,27] 0< ¢ < %} quindi
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Sia H = {(z,y,2) € R3 | 2 4 22 < Larctan®s —, ~ o ¢ [0, r]}.
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Passiamo in coordinate cilindriche ponendo (z,y, z) = ®(x, p,0) = (x, pcos b, psin )
4arctanz

o HH) = {(z,p,0) |z €[0,7], 0€[0,7] ,p<0< } | det J®| = p quindi

. v

/ 2%ty sm(arctan;:) drdyds —

H

(14 22)3
4arctanm
$/1+=2 t
:/dx/ d9/ " p°sin? @ cos? § — p° cos* 6 + Md/):
(1+a2)3
i, 1 2sm(arctanx) 7
d9 p sin? 6 cos? 6 — p cos® O+ —p———= T =
6 27 (14223 lo
/ / Larctan® o sin? 0 cos? ) — Luarctan x 849+8arctan2:rsin(arctanzx) _
1422 3 14 a2 Vi+22 (1+22)5
21t 7 t ’ tan?
= —/ dxw/ de sin29c0329—cos49—|—87r/ dmwsin(arctanx) =
3 0 1+.’L‘2 0 0 1+.’I,'2
211 r t arctanr
= dxw/ df cos®6 — 2cos” 9—1—877/ t?sint dt =
0 I+ 0

211 t arctanr
= / dz arctan’ ¢ (2—2sinﬁcos 9’0 —6/ sin29cos29d0> —|—87T/ t?sint dt =
0 0

e
211 t 3 T arctan r arctan r
= — dxw (W - 7/ sin? 20d6 > + 8w <t2 cost +/ 2t cost dt)
0
0 0 arctan r arctan r
-2 / sin tdt)
0 0

3 ), Tira2 \27 2
2t p arctan® x <7r 3
29 arctanG T arctan r
= ——77/ dxﬁ + 8w (— arctan® r cos(arctan r) 4 2 arctan r sin(arctan r) — 2/ sin tdt)
0 x 0

3/, T2 \2 7 47r) + 8w (— arctan® r cos(arctanr) + 2t sin t

=57 arctan” r + 87 (— arctan® r cos(arctanr) + 2 arctan r sin(arctan r) + 2 cos(arctanr) — 2) =

= — ﬁﬂ' arctan” r — 87 arctan? r cos arctan r + 167 arctan 7 sin arctan r + 167 cos arctanr — 167

t 4
In particolare lim 2y — oyt + M dedydz = ——n% + 872 — 167



