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607�8�9;:
b < :>=@?BADCE:GF59 < 9IHKJL:"AMJOND9ICPCQJ�RDAD9TSL:�NDU R5 V J)WKH59IRX:GAD9TNDY�J�RDRM?Z: V U5H[:\F[:BNMJ

E = (e1 e2 e3 e4 e5)
V 9 R5 V : <I< :ZCE:"RDAD9TS]J

A =













1 0 0 0 0
0 1 0 −1 0
0 0 −1 0 1
0 −1 0 2 −1
0 0 1 −1 −2













^ :,_a`bJ�AD9cW[SL:"AMJ\SXdKJ
b e HK?BH V J�f,J�HKJ�AMJ07^ Fg_ihj?0NMRM? W = 〈e3, e1 +e2, e1−e5〉 k V J�RMJ�ADCP9IH[:"AMJ < JlJ]m�U[:"n]9T?BH59 V 9 W⊥

7
^ So_a`bJ�AD9cW[SL:"AMJ\SXdKJ W ⋂W⊥ = 〈0〉 7

pq7�8�9;:
q < :
=@?BADCE:rm�U[: V AX:"RD9TSL: q(x) = 2x2

1
+ 2x1x2 + 2x2

2
− 2x1x3 + x2

3AX:"Y5Y5AMJ]NMJ�HsRX:"RX:EHKJ <I< :ZF[:BNMJ>SL:"HK?BH59TSL: E = (e1 e2 e3)
V 9 R3

7
^ :,_�8-S�AD9It,J�AMJ < :>CE:"RDAD9TS]J A V J <I< :�=�?BADCE:GF59 < 9IHKJL:"AMJlND9ICPCQJ�RDAD9TSL: b

:BNMNM?-S�9;:"RX:
:

q
7

^ Fg_a`bJ�AD9cW[SL:"AMJ\SXdKJ>9 < t,J�RDRM?BAMJ x0 = (−1, 0, 1)
HK?BH e b u 9TNM?BRDAM?BY�?57^ So_ivOJ�RMJ�ADCP9IH[:"AMJ V UKJZt,J�RDRM?BAD9

y
′
J

y
′′ ∈ R3

RX: < 9bSXdKJ y
′ + y

′′ = e3

S]?BH
y
′‖x0

J
y
′′ ⊥ x0

7
^ V _ivOJ�RMJ�ADCP9IH[:"AMJ < JGJ]m�U[:"n]9T?BH59wSL:"ADRMJ]ND9;:"HKJ V 9 e⊥

3

J V UKJGNDUK?B9xf,J�HKJ�AX:"RM?BAD9y7
zq7�8�9;:

q < :{=�?BADCE:Pm�U[: V AX:"RD9TSL:PNDU R4 V J)WKH59IRX:ZAD9TNDY�J�RDRM?E: V U5H[:ZF[:BNMJ
E = (e1 e2 e3 e4)

V 9 R4 V : <I< :ZCE:"RDAD9TS]J

A =









2 2 −1 −7
2 −5 3 0
−1 3 0 7
−7 0 7 1









^ :,_ivOJ�RMJ�ADCP9IH[:"AMJ <y| J]NDY5AMJ]NXND9T?BHKJ V 9 q
J V J <I< :�=@?BADCE:ZF59 < 9IHKJL:"AMJ\NM9ICPCQJ�RDAD9TSL:

b
:BNXNM?�S�9;:"RX:E:

q
7

6



^ Fg_��%9 V U5ADAMJ b
9IH�=�?BADCE: V 9;:"f,?BH[: < J ^ S]?BH�9 < CQJ�RM? V ? V 9��w:"f0AX:"H5f,Jo_ k V J uRMJ�ADCP9IH[:"H V ? <y| J]NDY5AMJ]NMND9T?BHKJ V 9 b

J V U5H[: F[:BNMJ b u V 9;:"f,?BH[: < 9In]no:"H�RMJ F V 9
R4
7

^ So_ivOJ�RMJ�ADCP9IH[:"AMJ�9 < AX:"H5f,? J < : NMJ�f0H[:"RDU5AX: V 9 b
J NMS�AD9It,J�ADHKJ < : CE:"RDAD9TS]JSL:"HK?BH59TSL:q7

� 7�8�9;:
b : R4 ×R4 −→ R < :\=@?BADCE:\F59 < 9IHKJL:"AMJOS]?0N�� V J)WKH59IRX:�AD9TNDY�J�RDRM?Z: <I< :\F[:BNXJSL:"HK?BH59TSL:

E V 9 R4 �

b(x,y) = x1y2 − 2x2y4 + x3y3

∀x = (x1, x2, x3, x4),y = (y1, y2, y3, y4) ∈ R4

^ :,_�8-S�AD9It,J�AMJ < :�CE:"RDAD9TS]J A V 9 b
AD9TNDY�J�RDRM?Q: V E

7
^ Fg_a`bJ�AD9cW[SL:"AMJPSMdKJ

b e U5H[:E=�?BADCE: V J�f,J�HKJ�AMJPJ V 9IH V 9It-9 V U[:"AMJ V UKJ�t,J�RDRM?BAD9HK?BH
HsU <I< 9 k x0 k y0 ∈ R4
RL7 S07 � b(x0,y) = 0 ∀y ∈ R4

J
b(x,y0) = 0

∀x ∈ R4
7

�q7 ^ :,_a`bJ�AD9cW[SL:"AMJ\SXdKJ
Q[X] e U5HK?QNMY[:"n]9T?Pt,J�RDRM?BAD9;: < J\NDU Q 	^ Fg_a`bJ�AD9cW[SL:"AMJZSMdKJ <y| :"Y5Y < 9TSL:"n]9T?BHKJ b1 : Q[X] × Q[X] → Q

S]?0N�� V J)WKH59IRX: �
b1((p(X), q(X))) := p(1)q(1) e U5H[:�=@?BADCE:ZF59 < 9IHKJL:"AMJGNM9ICPCQJ�RDAD9TSL: 	^ So_ivOJ�RMJ�ADCP9IH[:"AMJGU5H�t,J�RDRM?BAMJ

p1(X) ∈ Q[X] b − 9TNM?BRDAM?BY�?
	^ V _ivOJ�RMJ�ADCP9IH[:"AMJ>U5Hit,J�RDRM?BAMJ p2(X) ∈ Q[X] b− ?BADRM?Bf,?BH[: < J :�m�U[: < ND9;:BND9t,J�RDRM?BAMJ

q(X) ∈ Q[X] 	^ Jo_�
bND9TNDRMJ U5H[: =@?BADCE:
F59 < 9IHKJL:"AMJ ND9ICPCQJ�RDAD9TSL: ba : Q[X] × Q[X] → QRL7 S07
ba((p(X), q(X))) = p(a)q(a)

SXdKJ HK?BH :"CPCQJ�RDRMJ t,J�RDRM?BAD9
ba−

9TNM?BRDAM?BY59��

�NMJ
ba : R[X] × R[X] → R

�

�q7�� ?BHKND9 V J�AX:"RMJ < J>J]NMY5AMJ]NMND9T?BH59wNMJ�f0UKJ�H�RD9 �
^ :,_

b(x,y) = 2x1y1 − x2y1 + 3x3y3 − 2x3y2^ Fg_
b(x,y) = 5x1y1 + x2y1 + x1y2 + 3x2y2 − x3y2 − x2y3 + x3y3^ So_
b(x,y) = x1 + y2 + 2x2y3 − 3y1^ V _ b(x,y) = x2y1 + x1y2 +

√
3x2y3 +

√
3x3y2^ Jo_

b(x,y) = x1y2 + 4x1y3 + 3x3y3 − x2y2 + 3x2y3^ =)_
b(x,y) = x2y1 + x1y2 +

√
3x2y3 +

√
3x3y2^ f�_

b(x,y) = −x1y1 + x1y3 + x2y1 + 2x2y2 − x3y1 + 2x3y2 + 2x3y3^ dg_
b(x,y) = x1y1 + x2y1 + x1y2^ 9 _
b(x,y) = x1y3 +

√

(x2y2)2

t,J�AD9cW[SL:"AMJEY�J�AG?Bf0HsU5H[: V 9 J]NMNXJQNMJPND9bRDAX:"RDRX: V 9bU5H[:a=@?BADCE: F59 < 9IHKJL:"AMJ ? k 9IHSL:BNM?E:��xJ�ADCE:"RD9It,? k V 9 U5H Y5AM? V ?BRDRM?QNMSL: < :"AMJ07

p


