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QDa\W[?I?\W[EG=#?IHIJLKNM�R^J

A
9cb�Y<J

n
a\Kd=(e

YV=#HIJ
α1, . . . , αn = |A|

a\W[CUWfR5M�?I?IJhgjilknm�o�i�pqo�irk>s:ilp�t�u_i:6�i:t�9
vS7wm�ox7qg]t O 6niqyztxsSm�{:i|el}z~>u`��7:}.vS7qo�P*;�}�JV= b

A5CD=���W[HIEG=��5J<Y<J<CUMd=#H\MnaIJ<E�e
EXM�?IHIJLKd=GaIA

V
aI�D=#�NJLWfZ-M�?I?\W[HIJV=#YLM

n
e|R^J<EXM�CUaIJLW[CD=#YLM`9&}�JV=

E
A5CD=f�D=[a\M�R^J

V
M�aIJV=

AYV= EG=#?IHIJLKNM�R^J
b
HIJLaI�
M�?I?\Wj=[R

E
9 oxJLaIA5Y<?@=^;

A � R5M*TUC5J<?@=j�
W`aIJ<?IJ<Z[= O MG��A5J<CUR^J b �A5CB�5H\W�R5W[?I?\Wja\Kd=#YV=#H\M�P
⇐⇒ � Y<J n

EfJ<CUW[HIJ��5HIJ<CUK�J<�D=#Y<J:R^J
A
a\W[CUW ��W`aIJ<?IJ<Z.J O K�JLW �

α1 > 0, . . . , αn > 0
9

7:}.7qo&s:i���i*;
� 9�}�JV=

ba
YV=���W[HIEG=��5J<Y<J<CUMd=#H\M�aIJ<EfEXM�?IHIJLKd=GaIA

R
3
QDR5M*TUC5J<?@=^QDHIJLaI��M�?I?\W�=#Y<YV=��D=[a\M

Kd=#CUW[C5JLKd=
E = (e1 e2 e3)

RU=#Y<YV=�EG=#?IHIJLKNM

A =





3a + 2 2 a
2 1 0
a 0 1





O =-P�6nM�?\M�HIEfJ<CD=#H\M���M�H��zAD=#Y<J�Z[=#YLW[HIJnR^J a
a\Jx�D=�K\�UM

ba
J<C��D=[a\M

E � A5C�5H\W�R5W[?I?\WGa\Kd=#YV=#H\M`9
O ��P�phW`a\?\W a = 1

Q.R5M�?\M�HIEfJ<CD=#H\MnY���MN�zAD=#�NJLW[CUM>R5M�Y
KNW[CUW
b1−
JLa\W[?IH\W[��W5Q^M�R^AUM

Z-M�?I?\W[HIJ_JLa\W[?IH\W[�5J_Y<J<CUMd=#HIEXM�C�?\M�J<CUR^J<�
M�CUR5M�Cz?IJ�9
O K�P�phW`a\?\W a = 0

QDR5M�?\M�HIEfJ<CD=#H\M�YLM>MN��AD=#�NJLW[C5J�R5M�J�a\M � AUM�C�?IJha\W[?I?\W`aI�D=#�NJ�;
e1
⊥, ���^�`� (e1, e2)

⊥, (e2 + e3)
⊥

O RDP�phW`a\?\W a = 4/3
Q.W[HI?\W[CUW[HIEG=#Y<J<�N��=#H\M O HIJLa\��M�?I?\W�= b4/3

P%YV=>�D=[a@M
E
R^J

R
3
9

  9�}�JV=
b
A5C]�5H\W.R5W[?I?\W�a@Kd=#YV=#H\M�aIA

V = VR

9n}�JV=
U
A5C�a\W[?I?\W`aI�D=#�NJLW�Z-M�?I?\W[HIJV=#YLMR^J

V
9]sw�5JV=#EfJV=#EXW�¡D¢�£z¤#¥^¦d¡D¤#£¨§ª©>¢ª¤#¡�©«£z¬z©«¡�­�£¨¡�¤�¦d¡�®D¡�­h¥U¯«£¨°�±

U
Y���W#e

��M�H@=#?\W[H\M�Y<J<CUMd=#H\M
P : V −→ V

R^J��5H\W[JLM��NJLW[CUM�a\A
U
Q��D=#H@=#Y<YLM�YV=#EXM�Cz?\M�=

U⊥
9sw�5JV=#EfJV=#EXW�J<CUW[Y<?IH\M�¡D¢q£�¤(¥^¦d¡�¤(£�§%©�°(©«²�²F£z¦d¤#©«¥³¡D¤(¦d¡D®�¡�­h¥U¯´£µ¤#©«°d¢q£z¦N¦d¡

¥
U
Y���W[��M�H@=#?\W[H\M�Y<J<CUMd=#H\M

S : V −→ V
R^J%aIJ<EfEXM�?IHIJV=XHIJLaI��M�?I?\W�=

U
QD�D=#H@=#Y¶e

YLM�YV=#EXM�Cz?\MG=
U⊥
9�phW[C5JV=#EXW

V = V 3

R

M�J<CUR^JLK\�5JV=#EXW KNW[C
E = ( i j k )

�



A5CD= �D=[a\M
b
e|W[HI?\W[CUW[HIEG=#YLM�R^Jq��9h}.M

U � J<Yq�5JV=#CUW Z-M�?I?\W[HIJV=#YLM�R^JwMN��AD=#�NJLW[CUM
x − y + 2z = 0 O J<C]�D=[a\M E

P*Q�R5M�?\M�HIEfJ<CD=#H\M�YLM�MNaI�5H\MNa\aIJLW[C5JªR^J
P
M�R^J

S O J<C�D=[a\M
E
P*9

� 9�}�JV=fRU=#?@=�YV=�EG=#?IHIJLKNM
A =









1 0 1 2
0 2 −1 0
1 −1 2 0
2 0 0 −2









O =-P s:W[CUaIJLR5M�H@=#CUR5W A
KNW[EXM�EG=#?IHIJLKNMB=[a\a\W.K�JV=#?@=¨=#Y>�5H\W.R5W[?I?\W�a\Kd=#YV=#H\M

b
Q

HIJLR^A5HIYV=�J<C]��W[HIEG=�R^JV= � W[CD=#YLM�A5?IJ<Y<J<�N��=#CUR5W J<Y%�5H\W�KNMNR^J<EXM�C�?\W R^Jwb�H@=#E�e}.K\�5EfJLR^?d9
O ��P�KNW[CUaIJLR5M�H@=#CUR5W A

KNW[EXM�EG=#?IHIJLKNMf=[a\a\W.K�JV=#?@=�=#Y<Y���W[��M�H@=#?\W[H\Mfa\J<EfEXM�?IHIJLKNW
T : R

3 × R
3
Q5R^JV= � W[CD=#Y<J<�N��=#HIYLW�A5?IJ<Y<J<�N��=#CUR5WXJ<Y�?\MNW[H\M�EG=GaI�
M�?I?IH@=#YLM`9

�U9&6�J<EXW`aI?IH@=#H\M>J<Y_?\MNW[H\M�EG=fR^Jhyz=[KNW[�5J¶el}���Y<Z-MNa\?\M�Hd9

 


